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Radiative transfer (RT)

Radiative transfer is a link between the macroscopic properties of
celestial bodies (e.g. radiative flux they emit) and the microscopic
interactions of photons with gas particles that determine the conditions
on these objects.

Radiation is the most important diagnostic tool we have at hands for the
study of distant celestial objects.

Radiation is not only a source of information; it also affects the physical
state of the medium it propagates through

Radiative transfer is a necessary step in the iterative process of
astrophysical object modeling
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Outline

« |. The radiative transfer equation (RTE) and its formal solution
(both in differential and integral form)

 |I. Linear RT problems (two-level-atom line transfer)
(direct and iterative methods)

lll. Non-linear RT problems (multi-level-atom line transfer)
(iterative methods)



Specific intensity of radiation

—

dE, =|1,(7,1,t)do cos Odvdwdt

7 variables/parameters:

3 coordinates (Cartesian: x,y,2),
P 2 angles (0. 0),

de”/ \do'c()se frequency ( V ) and

A time (t).
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Radiative transfer equation (RTE)
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The most general form of the RTE

(that takes into account the variation of intensity with respect to all variables)

di  OI ot Z oI Or ga_@+ oI OP . Ol Ov
ds Ot Os ort Os 0@ s Odb Os v 0s

n(r, v, Tf) — x(7, V. T HI(r, v, ff)

7 variables/parameters:

3 coordinates (Cartesian:x,y,z),
2 angles (6,0).

frequency (¥ ) and

time (t).

Simplifications are needed!
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]I(r,vjl:t) =

[10+[—r' +8®0+8<I>0 ov 0
| ds 00 s 0(13 0s v

n(r, v. lg t) —x(r v ) I[(r vl t)

For the time independent case: [, # [,,(t) — |[,,(7,1)

In a static medium - straight paths, constant —— = — = — =0
frequency Os s Js

In a moving medium — two frames:

Laboratory (observer’s) frame: LHS of RTE is simple, but transport
coefficients are anisotropic

Comoving frame (CMF): LHS more complicated, transport coefficients are the

same as in the static case
We will consider time-independent and static case:

In static media, transport coefficients are isotropic if the scattering is isotropic.

() = o (P) || 70 (7)

ng(m) ] / y’z"yz 1 (7, Ddv

—

e.g. for coherent and (1 (1/ — v )g(l',1) 51 9
isotropic scattering
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Assumption: atmosphere is stratified either in homogeneous

plane-paralel or spherically symmetric layers.

Homogeneity = 1D — azimuthal symmetry

In planar geometry:

L(F1) —|L(2,0)|  p=cosd
dIU (Z: H) . .
P = o (2) — xu(2) (2, 1)

I, (7,

In spherical geometry:

I,(r.0)




Time-independent RT equation in the static,
plane-parallel media with isotropic scattering :

[ = cost

dl,(z. n
RTE: | 4 '(7*0::?b(ﬂ-—Xp@9Lmz40
d.# AT = —ds/'u
optical depth dr, = —xuv(2)dz
Zmamx SI/ pom— /r]_y
T (2) :/ X (21)d2 source function Xv

Is the number of mean free paths of a
photon at frequency U traveling from Zmax

to © dIy(Ty,M)
RTE: | "™ a7,

— II/(TI/J )u) T SI/(TU)
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Some simple 1D plane—parallel transfer problems

p A2 ) ()

* no absorpion, no emission: X» =0 and 7, =0

dl,(z, 1)
dz
* no absorption, only emission: Xy — 0 bput Ny # 0

deL/(Z,/*L) _ 771/(2) ., IV(ZQM) — IU(Ojﬂ) _,_/(; ny(Z,)dzl/ﬂ

[ =0 —> [, =const

dz

* no emission, only absorption: 7, =0 but X 75 0:

dl,(z, )

4 P — _XI/(Z)II/(Z7M) — II/(Zal-L) — I (0 /‘L f X:/(Z )dz /NJ
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Radiation-matter interactions

, dl, (Tua ,U)

/ i = L/(Tw ,u) — SI/(TI/)

TE > LTE > non-LTE
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RTE
-TE: L=
¢ LTE: S, =
I
*non-LTE:

example: two-level
atom line formation

linear problem

direct or iterative ™

methods of solution

NF x ND ordinary
differential equations

o}

1

Wy dy—

2

L,(1,, 1)

system of NF x ND integro-differential equations




drl, (t,, )

Boundary conditions for the RTE |u = 1, (T, pt) = Su(70)

dT,
(A) Semi-infinite medium
* Upper boundary condition:
I (Ty —1; M) i ) (no incident radiation)

* Lower boundary condition:

limyr, ooy (T, )™ /=0 for analytical solutions

I(1y, 1) = Su(1) + MdS’/ for numerical solutions I; =8,
ar, diffusion approximation _| udl;/dr, = I -8,
(at 1st order) I} =S, + udS, /dr,
(B) Finite slab (spherical shell) of total optical thickness T
1;(0, )
=0: 1,(0,pu)=1,(1, =0, <0) /

Ty = Iﬂ“ : Ij_(zﬁbf;u) — II_;(T;_; — -Iﬂ;_;.,u- = 0)

II/ (Y}/: M) 15



Formal solution

The formal solution is a necessary step in any iterative solution of
the full RT problem (self-consistent computation of the radiation
field and the state of the medium). At each iteration step one
solves the RTE with the known (from the previous iteration)
source function, and uses the information provided by the formal
solution within an efficient iterative procedure.

It has to be performed many times It must be efficient !

Methods that use the differential form of the RTE
(e.g., Feautrier solution)

Methods that use the integral form of the RTE
(e.qg., short characteristics approach)

16



Second-order differential form of the RTE
(along a ray subject to two-point boundary conditions)

Schuster (1905); generalized by Feautrier in 1964

The two-point boundary nature of the RT problem, i.e. the existence of two
separate families of boundary conditions suggests a separate treatment of
the in-going and out-going intensities (for two directions along the ray).

Iy, P Feautrier’s variables:
—F}[IF — INJ“ — b;_, J.
1/ , _|_
_ u’“;ﬂ 9 (Iu,u -+ INJu)
dI v I
o — fvp RV N 1 —
dTN I-'}U,u (Ip‘u I}.x,u )
“Lfl p— E’{}.;}u i L_SF_;
dr, 2,
5 A7y, q
du, W =t — Sy
T (T
1 = Uy !
dT,

(for each frequency and direction) .



Boundary conditions

du,,,,
( d;‘“) = a + buy,,
du,,,, _
at the surface (7 =0) - Jo = uy(0) — 1,,(0)
du,,
;‘u( d?_:t )0 — up,u(o) Iljp_(?' — U) = 0
atl T = Tmazx du’!‘"a“-

iu( dr )Tma,r — I;j;g_(Tma;r) - uup.(Tm.a.a')
v

Il,j_lu, (T:rn.a.r) — Bu (T:rna.r) + }u( % )T-ma,:u '

du,, ~dB, duty,, j
dﬂ; )Tma:c T fu( dTU )Tma:r or ( dTy )Tma:c — 0
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Feautrier solution

d?u
2 —
o d7?2

Discretization:
- {Vz}a(Z:LNF)

112 12 ( 1 N 1 ) . 12
. Up—1— ,. U
AT[—I/QATE .-AT[_ ATJ_l/HQ ATJ—IXQ ATJ_Fl/HQAT{
Blul + le"u-g = Ll
Ag Uy—1 — Bg up + C’g_ Ujr1 = L;
Ayuy—1 + Byuny = Ly
/ Bl C-Tl \ ( uy \ ( Ll \
—442 B 2 —'Crz U LQ
— Ag B:} — C’} us L:}
) . or
—An-1 By-1 —Cn_a UN-1 L1
\ —~Ay By ) \ uy ) \ Ly )

Upy 0, (1)

Uy = U —9S
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Forward elimination/back substitution

Forward elimination: derive for each layer
(1,I+1) the coefficients of the recursive relation

= q + Dyuggq

D; = —(B; + AD;_1)tC,
q = (B + ADj_) Ly — Aigi—y)

At the top: A;=0

Atthe bottom Cy =0 — Dy =0 —s uy = gn

then back-substitution 1u; = ¢; + D u;.1 up to the surface I=1.

20



Two-point algorithm ,u?(d—g')I = — S | RTE
T
.. du
Upper boundary condition:  (— )y = aq |4 by|uq
du dr

(dT)ii—a£1+bzluzl (I —1,1)

The relation between 1;;_; and 1; Is obtained from:

d 1 ./ d?u , .
w = up_q + AT u LA (O Taylor’s expansion
dT I—1 2 de 1—1

u—1 =|qi—1|+|Di1—1|wy recursive relation

The coefficients of boundary condition for the next layer are found from

2, 3
d_u — d_u + AT du - AT d_ Taylor’s expansion
dr /, dr ),_, dTZ 1 T3 A3 ),
d>u B Pu 1 d*u d*u
(fhg)zl - (d"’g)z A7 Kd'f‘z)z - (W)JJ

(— )1 =|ar Hbi

21
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Formal solution of the RTE In integral form

11, (7, pt
6 (7w, 1) _ I(7y. 1) — S, (7))
dr,

9, -
Ho— 1, ,.(1,)e”™/H =U(TU) integrating factor
L/

T2
Iy,p.(Tl) — If/,p.(7_2)€_(72_ﬂ)/ﬂ +/ Sfj(tf/)e_(tp_ﬂ)/Hldtf//ﬂ'

1

The general formal solution of the RTE for a semi-infinite plane-parallel atmosphere:

* Inward intensity (using the upper boundary condition)

™ T dtu 0
I_ (ijpg) — —/ Su(ty)e_(tp—r.r./)/f-t N ,
v 0 IL. Iy (7-1/7 )LL) II,'
T.
« Outward intensity (using the lower boundary condition) Y
oo / Izz_ (Tl/v U)

dt, y
[1;'—(7-1/7,“) = / S,/(t,/>e_(tv_TV)/M_ |
i ’u 22



Some simple 1D plane—parallel transfer problems

dl,(t,, u)
dT,

% :IU(Tl/au“) _SI/(TV)

* absorption and emission:  Xv 75 () and T 75 0

"2 dt
i) = L p)e > [ (et
T1 /LL

* semi-infinite atmosphere : 71 — 0 T2 = OO

> dt,
II/(O:'UJ) — / Sz/(tu)e_tp/“_
0 M

* finite, homogeneous slab : [, (0j 1) — (1 — e_T”)SV

T, >>1 1,0,1)=5, T, <<1 1,01)— ST,

23



Moments of specific intensity in 1-D
(in Eddington’s notation)

(= cosf
1 /!
The zeroth angular moment T2 = = I,(z, p)dp
- Mean intensity 2 J_1
1 /!
The first angular moment - H. . (2) = _/ I.(z d
Eddington flux (2) 2 J_1 (2 1) e

1
The second angular moment . 1 2
- K-integral Ky(z) = 5/ L (2, p)udps



Mean intensity

1

1 1 o0
J (1) = 5/1 I, (70, pu)dp = 5/0 Sy(ty)Er|t, — 1 |dt, = A{S,(t,)}

1 [~
N\ operator AA.} = 5/ {..} E1|t — T|dt
0

25



Flux

1
F,(r,) = 2/ L(m, p)pdp =
1

0

K-integral

1
/ L (7o, ) dp =

1

1 oo
= —/ Sy (ty) Eslt, — 7 |dt,
0

y / S, (t,) Es(t, — 7,)dt, — 2 / S, (t,)Ex (1, — t.,)dt,,
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The essence of the whole story

The emergent intensity:

(0, p) = / Sty Yo /’“‘dt

The emergent radiative flux:

Fr0) = 2/1 L0, p)pdp = 2/ S, (t, \E2(t,)dt,

!

S, (1,) = N (Tv)

Radiative transfer puts into relation the radiative flux, one of the fundamental
stellar parameters, with the microscopic interaction processes.

27



RTE in integral form
*TUT
I(rp, 1) = I(my, p)e~ =) 4 / S(t)e UL gt

L

For the numerical integration we may either assume that the behavior of the source
function between any pair of its known values at two points can be approximated by a
polynomial or replace the integral by a quadrature sum.

Long characteristics (full polynomial interpolation) : U is the point at the boundary
at which the ray penetrates into the medium; a single function is fitted to the full set of
given data (global fits)

N N o Lagrange form of the
€r — i]

f(x) :Z H — | Yk polynomial that goes

X — I i
k=1 \j=1j2k " J through N points

Short characteristics (piece-wise interpolation) - ray segments (local fits)

‘Tmax T —|—1
/ S(,)e._ t=70) dt = Z/ Je~ —T (it

70

D.Mihalas, L.Auer & B. I\/Ilhalas (1978) 28



Long vs. short characteristics in 2D
(Auer, 2003)

L
L L

L

L

.

L

/.
/.

X

/
/

U

/.
Z,

U
Long Characteristics

Short Characteristics
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Short characteristics

The general formal solution can be applied to the interval between two
successive grid points -

I (1) =IT(m)e 2 + / S(t)e U"T=1dt  for p>0

Tl—1
Tl

I () = I_(Tl_l)e_A + / S(t)e_(Tl_t)dt for p <0

[—1
The integrals can be solved by assuming some polynomial representation for S

15t order (linear) short characteristics:

n—t A = A7/l
ATl

t—’Tl_l

S(t) =S Ar

+ 511

A1) =1 — T

I+(Tl—1) — I+(Tz)€_A +puSi—1 + qi5;

1 —e 2 | l—e 2
qr = — €

A A

—A

pr=1-
30



Short characteristics (Kunasz and Auer, 1987)

Formal solution based on the SC solution of the first-order differential
RT equation and parabolic approximation for the source function in three points

Widely exploited within the ALI (Approximate Lambda Iteration) methods

-
t—T1rr
The integral / S(t)e™ "0 dt

U

IS expressed in terms of the source function in three points:
U (upwind), L (local) and D (downwind)

L
/ S(t)et_'r[’r dt =V Sy +V¥ .S +WVpSp
T{.T

31



Tl
IT(m_1) =17 (m)e ™ + / S(t)e =m-1) ¢
Tl—1

Integrating by parts i
I=(m) =1 (m_1)e ™ + / S(t)e~m=Dqy

- Ti—1
we have the integral / S(t)e'~dt expressed in terms of S and its derivatives
in two points: U

I (my) =TT (m)e = + [S(m—1) + 5" (n-1) + 5" (m—1) + ..]—
1S(r) +S'(m) + S"(7) +..]e 2,
I7(n) = 1" (n1)e™® +[S(n) = §'(m) + 5" (1) — ..]-
S(r-1) = 8" (m-1) + 9" (m-1) — .Je™ 2.
* A piece-wise linear interpolation of S(7) between 7,1 and Ty

S(Tl) — S(Tl_l)

/ e .
S (Tl—l) =S5 (Tg) = ATl

I~ (n) =1 (n_1)e > 4p-Sn)+q-S(n_1)
leads to

I (r_) =TT (m)e ™ +pr-S(mi1) +a - S(m)

32



* A piece-wise parabolic interpolation of S(7) between 7,1 and 7y

Sl(Tl) — S/(Tl_l)
AT[

SII(Tl) — S’,(Tl—l) —

leads to

I_(Tl) — I_(Tl_l)e_A —|—pl-S(Tl)—|—ql-S(Tl_l)—l—ﬁ'S/(Tl)—I—SZ-S/(Tl_l)

I (n_1) =TI (m)e 2 4p-S(n_1)+q-S(m)—r-S' (r—1) —s;-5'(7)

33



Hermite interpolation

matches both the function and the derivative values at the ends of the interval.

Hermite polynomial on the interval (7, 71)

S(7) = a150 + azS1 + A7(a3S) + as5Y)

Bezier splines

go through the end points of the interval, but use control points S, inside
the interval to shape the polynomial curve.

Basis functions: (1 —u)+u)" = (1 —u)" +n(1 —u)"" L+ n(l —u)u"" L

Quadratic (n=2) S(u) = (1 —u)* Sy +u*S; +2u(l —u) S,
Bezier spline: o
P I(70) = I(r)e™ =) + ag S + Bo 1 + 70 Sa

Cubic (n=3)

Bezier spline: S(u) ~ (1 —u)* Sy +u?S) + 3u(l —u)? S, + 3u*(1 —u) Sy
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Integral form of RTE — short characteristics approach

RTE “along a ray”

ar _
dr

I—-S5

The formal solution of this equation (integrating from point L-1 to L)

A
IL :\IL_le_A} + / S(t)@t_Adt
0

|

part transmitted from point L-1 to point L

Polynomial representation of the source function leads either to:

I, =1Ipae® Hwr1Sp-1 +wr St +wr1Sp4 (ALI: 3-point algorithm)

or
Ip =1p_q1¢e

S+

St + qSr -1 + TSJ’L

(FBILI: 2-point algorithm)
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