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Exoplanet Update
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Pace of Extra -solar Planet Discoveries Oct. 2014

800T' 1830 exoplanets in 1145 planetary systems ]
- the majority within a distance of 100 ly

" 469 multiple planet systems '
8001 (one 7 planet system) ]
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22N 8 % of G & K dwarfs harbour a planet in HZ with radius =1to 2r,
(Petigura et al. 2013)

Average number of planets withr <1.4r_in HZ of M dwarfs is = 0.53
(Dressing & Charboneau 2013: Kopparapu 2013; Giados 2013)

Number of new planets/year

1990



Revolutionary ALMA Radio Image Reveals Planetary Genesis

Nov. 5, 2014

HL Tau, no more
than a million
years old, yet
already its disc
appears to be full
of forming
planets.

d ~ 450 light-years

Image resolution
35 milliarcsec

Credit: ALMA
(ESO/NAOJ/NRAO)



Breakdown of exoplanets detections by method

1830 exoplanets found in 1145 planetary systems

Detection method No. of planets

Radial velocity (RV) 577

TranSitS 1151 The Extrasolar Planets Encyclopaedia
MinOlenSing 32 (CNRS-I:]S'?'rIL,Slggrri]seigf)rservatory)
Imaging 51

Timing (includes 5 pulsar planets) 16

Astrometry 2

My own analysis is primarily based on radial velocity data sets.

Currently best spectrographs are European HARPS (high accuracy
radial velocity planet searcher) and HARPS North capable of long term
sub m/s velocity precision. New instruments underway include
European EXPRESSO and Yale EXPRESS capable of 10 cm/s precision.



The majority of the planets have been discovered
with either the RV or transit method which give rise
to time series with embedded periodic signals
Which motivates the interest in periodograms.



Radial Velocity Method

Orbit of star produced /
by gravitational pull of (

unseen planet.
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Because the star is a billion times
brighter than a planet, only detect a
small number of exoplanets directly.

Instead look for the reflex motion of the
star due to gravitational tug from the
planet.



7 Planet fit to HD10180 C. Lovis, et al., 2011, A&A, 528, 112
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Bayesian Primer



What is Bayesian Probability Theory?
(BPT)

BPT = atheory of extended logic

Deductive logic is based on Axiomatic knowledge.

In science we never know any theory of nature is true because
our reasoning Is based on incomplete information.

Our conclusions are at best probabilities.

Any extension of logic to deal with situations of incomplete
iInformation (realm of inductive logic) requires a theory of
probability.



A new perception of probability has arisen in recognition that
the mathematical rules of probability are not merely rules for
manipulating random variables.

They are now recognized as valid principles of logic for
conducting inference about any hypothesis of interest.

This view of, "Probability Theory as Logic", was championed
In the late 20th century by E. T. Jaynes.

NProbability Theory: The Loc
Cambridge University Press 2003

It is also commonly referred to as Bayesian Probability Theory
In recognition of the work of the 18th century English
clergyman and Mathematician Thomas Bayes.



Logic is concerned with the truth of propositions.

A proposition asserts that something is true.
Examples of propositions:

A = “The newly discovered radio astronomy object is a galaxy.”

B = “T'he measured redshift of the object is 0.150 £ 0.005 .”
A = “Theory X is correct.”

A = “Theory X is not correct.”

A = “The frequency of the signal is between f and f + df.”



We will need to consider compound propositions like
A,B which asserts that propositions A and B are true

A,B|C asserts that propositions A and B are true
given that proposition C is true

Rules for manipulating probabilities
Sumrule: p(A|C) +p(A | C) =1

Product rule: p(A, B|C) = p(A|C) p(B|A, C)
= p(B|C) p(A]|B, C)

— _
—~

Re-arrange the two RH sides
/ of product rule gives
p(A|C) p(B| A, C)
p(B]| C)

Bayes theorem :

pP(A| B, C) =



Another useful version of the sum rule can be
derived from the sum and product rules called the
extended sum rule

p(A+B|C) = p(A[C) + p(B|C) - P(A,B|C)

where A+B [ proposition Ais true or B is true
or both are true

In science we are often reasoning about mutually
exclusive propositions for which

p(A+BI|C) = p(A|C) + p(B|C)

Note: A+B also commonly writtenas Av B



How to proceed in a Bayesian data analysis?

| denti fy the terms I n Ba
Solution often requires repeated use of the product and sum rules

Prior probability Likelihood

pH;| Dxp(D| H;, I)
pD|1)

p(HllDa I) =

Posterior probability
that H; Is true, given Normalizing constant

the new data D and

prior information |
Every item to the right of the
vertical bar | is assumed to be true

The likelihood p(D| H;, I), also written as? (H,), stands for
the probabillity that we would have gotten the dateD that we
did, if H; and| are true.



As a theory of extended logic BPT can be used to firmptimal

answersto well posed scientific questions for a given state of
knowledge, in contrast to a numerical recipe approach.

Two basic problems

1. Model selection (discrete hypothesis space)
NWhich one of 2 or more model s
gl ven our current state of kno\
e.g.
AHypothesis or model M, asserts that the star has no planets.
AHypothesis M, asserts that the star has 1 planet.
AHypothesis M asserts that the star has planets.

2. Parameter estimation (continuous hypothesis)
NAssumi ng t k solvd for the grobabifity dehsity
distribution for each of the model parameters based on our
current state of knowledge. o
e.g.
AHypothesis H asserts that the orbital period is betweet® and P+dP



Significance of this development

Probabilities are commonly quantified by a real number between 0 and 1.

: %
1 1
false true

The end-points, corresponding to absolutely false and absolutely true,
are simply the extreme limits of this infinity of real numbers.

Bayesian probability theory spans the whole range.

Deductive logic is just a special case of Bayesian probability
theory in the idealized limit of complete information.



Calculation of a simple Likelihood p(D; [M,X,!)

Let d, represent the i " measured data value . We model d, by,
di = fi(X) + ¢

\ Model prediction for i th data value
for current choice of parameters X
where e, represents the error component in the measurement.

Since M, X assumed to be true, if it were not for the error
e;, d; would equal the model prediction f;.

Now suppose prior information | indicates that e; has a Gaussian
probability distribution. Then

L i
xp[-——=
o V2 20'1-2

_ 1 Exp[_(df—ﬁ(X))z]
o1 Van 2

p(DilM, X, I)

20",.
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Probability of getting a data value d; a distance e; away from the
predicted value f; is proportional to the height of the Gaussian error
curve at that location.



Calculation of a simple Likelihood p(D; [M,X,!)

For independent data the likelihood for the entire data
set D=(D,,D,, é .,,) B the product of N Gaussians.

N _
p(DIM, X, T) = 2m)N'? {H a,,.l} Exp|-0.5 )
=1 i :
/'

The familiar c2
statistic used

In least-squares

Maximizing the likelihood corresponds to minimizing C?

Recall: Bayesian posterior O prior 2likelihood

Thus, only for a uniform prior will a least-squares analysis
yield the same solution as the Bayesian posterior.



Simple example of when not to use a uniform prior

For extra-solar planet detection the prior range for the unknown
orbital period P is very large from ~1 day to 1000 yr
(upper limit set by perturbations from neighboring stars).

Suppose we assume a uniform prior probability density for the P
parameter. This would imply that we believed that it was ~ 10 times
more probable that the true period was in the upper decade

(10% to 10° d) of the prior range than in the lowest decade from

1to 10 d.

10°
104 p(P|M9 I)dP

- = 10*
[ p(PIM, DdP
Usually, expressing great uncertainty in some quantity corresponds

more closely to a statement of scale invariance or equal probability per
decade. A scale invariant prior has this property.

d InP
IH(P 1?-1.51.,1:/ P 1?-1:'11)

p(InP|M,I) dInP =



PHIL GREGORY

Bayesian Logical
Data Analysis
for the Physical Sciences

A Comparative Approach with
Mathematica Support

Resources and solutions
Includes free Mathematica
based support software
available from book website

©oONOOOhwWNE

Chapters

Role of probability theory in science
Probability theory as extended logic
The how-to of Bayesian inference
Assigning probabilities

Frequentist statistical inference
What is a statistic?

Frequentist hypothesis testing
Maximum entropy probabilities
Bayesian inference (Gaussian errors)
10 Linear model fitting (Gaussian errors)
11. Nonlinear model fitting

12. Markov chain Monte Carlo

13. Bayesian spectral analysis

{ 14. Bayesian inference (Poisson sampling)

Includes 55 worked examples and
many problem sets.

2014: two supplementary chapters to be
added to book website on:

1. Fusion Markov chain Monte Carlo

2. Intro. to hierarchical/multilevel Bayes



Bayesian and classical
periodograms
of Interest for
exoplanets



Introduction

Science is concerned with identifying and understanding
structures or patterns in nature.

Periodic patternshave proven especially important. This is
particular evident in the field of astronomy where the study of
periodic phenomena yield:

A-undamental properties like mass and distance
Anterior structure of stars (stellar seismology)
AExtra solar planets

AExotic states of matter (neutron stars & BH)
A-undamental tests of physics

Any significant advance in our ability to detect periodic phenomena
wi | | profoundly affect our <capé



A Bayesian Revolution in Spectral Analysis

1) Fourier Power Spectrum (Schuster periodogram 1905)

The use of the Discrete Fourier Transform (DFT) is ubiquitous in spectral
analysis as a result of the FFT introduced by Cooley and Tukey in 1965.

N 2
periOdogrm = C(fn) :% a dke.iz’ n ﬂf
k=1

R e—r
= IFFT

2) New Insights on the periodogram from Bayesian Probability Theory (BPT)

In 1987 E. T. Jaynes derived the DFT and periodogram directly from the
principles of BPT and showed that the periodogram is an optimum statistic
for the detection of a single stationary sinusoidal signal in the presence of

independent Gaussian noise of varianog?.
He showed that the probability of the frequency of a periodic signal is given

to a very good approximation by,
eC f )0
p(i, 1D,1) * expt ) oy




, aC
p(f, |D,l) exp‘I;

N

f)
02

<O

Thus C(f,) is indeed fundamental to spectral analysis but not
because it is itself a satisfactory spectrum estimator.

The proper algorithm to convert C(f) to p(f,|D,l) involves first
dividing C(f,) by the noise variance and then exponentiation.

This naturally suppresses spurious ripples at the base of the
periodogram as well as linear smoothing; but does it by
attenuation rather than smearing, and therefore does not lose

any resolution.

The Bayesian nonlinear processing of C(f also yields, when the
data give evidence for them, arbitrarily sharp spectral peaks.
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if O , eC(f,
What if U I1Is unknown p(fn ID,1) eXp\Il éz )

This equation assumes that the noise variance is a known quantity.

In some situations, the noise is not well understood, i.e., our state of
knowledge is less certain. Even if the measurement apparatus noise is
well understood, the data may contain a greater complexity of
phenomena than the current signal model incorporates.

<O

Again, Bayesian inference can readily handle this situation by treating
the noise variance as a nuisance parameter with a prior distribution
reflecting our uncertainty in this parameter. We need to integrate over
this parameter to compute p(f,|D,l).

The resulting posterior can be expressed in the form of a Student's t
distribution. The corresponding result for estimating the frequency of
single sinusoidal signal (Bretthorst 1988, Bayesian Spectrum Analysis and Parameter
Estimation, Springer) IS given approximately by

2—N

20(fn) 9 where
p([fn ‘ D.I) < |1- N 2 d? = %ZJ d?



Bayesian Spectrum Analysis with Strong Prior
Information of the Signal Model

Larry Bretthorst (Jayneso | ast
to more complex signal models with additive Gaussian noise and
revolutionized the analysis of Nuclear Magnetic Resonance (NMR)
signals.

Here one is dealing with multiple damped sinusoids.

Seehttp://bayes.wustl.edu/ for a copy of Larry
Bretthorstos papers and b

Varian Corporation now offer an expert analysis package with their
new NMR machines based on Bretth



if O , eC(f,
What if U I1Is unknown p(fn ID,1) eXp\Il éz )

This equation assumes that the noise variance is a known quantity.

In some situations, the noise is not well understood, i.e., our state of
knowledge is less certain. Even if the measurement apparatus noise is
well understood, the data may contain a greater complexity of
phenomena than the current signal model incorporates.

<O

Again, Bayesian inference can readily handle this situation by treating
the noise variance as a nuisance parameter with a prior distribution
reflecting our uncertainty in this parameter. We need to integrate over
this parameter to compute p(f,|D,l).

The resulting posterior can be expressed in the form of a Student's t
distribution. The corresponding result for estimating the frequency of
single sinusoidal signal (Bretthorst 1988, Bayesian Spectrum Analysis and Parameter
Estimation, Springer) IS given approximately by

2—N

20(fn) 9 where
p([fn ‘ D.I) < |1- N 2 d? = %ZJ d?



Analysis of Nuclear Magnetic Resonance Free Induction Decay
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The Bretthorst periodogram:

Bretthorst generalized Jaynes' insights to a broader range of single-
frequency and multi-frequency estimation problems and sampling
conditions.

In the single-frequency case which we examine here, he established a
connection between the Bayesian results and an existing frequentist
statistic known as the Lomb-Scargle periodigram, which is a widely
used replacement for the Schuster periodogram in the case of non-
uniform sampling.

Bretthorst, G.L. (2001), American Institute of Physics Conference Proceedings, 568, pp. 241.

Bretthorstos analysis allows for th

1. Elth_er real or quadrature _d ata B M CRANNEL
sampling. Quadrature data involves

measurements of the real and
Imaginary components of a complex \N\W"W W

5 AAMAAAANAN
The figure show an example of !

signal.
quadrature signals occurring in NMR. | s se fe - ido e R

TIME

600.0
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The Bretthorst periodogram

2. Allows for uniform or non-uniform sampling and for quadrature data
with non-simultaneous sampling.

The analysis does not require the real and imaginary data samples to
be simultaneous and successive samples can be unequally spaced in

time.
3. Allows for non-stationary single sinusoid model of the form

(real channel)
drt) = AcosQnaft;—NOZ(t)+BsinQnaft; —0)Z(t;) + er (t;),

(imaginary channel)
di (t;) = Acos (2 ft;— 0) Z(t;) + Bsin (2 t; —0) Z(t;) + ex (t;),
The function Z(tj) describes an arbitrary modulation of the amplitude,
e.g., exponential decay as exhibited in NMR signals.

In this analysis Z (tj) is assumed to be known, but in other analysis he
allows it to have unknown parameters.



The Bretthorst periodogram

The angle d is defined in such a way as to make the cosine and sine

functions orthogonal on the discretely sampled times. In general, d is
frequency dependent.

Note: if the data are simultaneously sampled, t; = f;. then the orthogonal
condition is automatically satistied so # = 0.

4. The noise terms €r(ti) and € (tj) are assumed to be IID Gaussian
with an unknown 0. Thus, is a nuisance parameter, which is assumed
to have a Jeffreys prior. By marginalizing over U, any variability in the
data that is not described by the model is assumed to be noise.



The Bretthorst periodogram

In this problem the main parameter of interest is the frequency f.
To compute p (f [D,I) we need to marginalize over the two amplitude
parameters A, B, and (.

p(fID,I) = fdA dB dop(f,A B,o|D, D,I)

The RH side of this equation can [
and the product rule to yield

p(fID,D) o f dA dB do p(fIDp(AIDP(BIDP(alD) X

p(Dle;A;B; O.JI) p(Dllf;A; B; o, I)

Bretthorst assigns uniform priors for f, A & B and a Jeffreys prior for 4.



The Bretthorst periodogram

It turns out that the triple integral can be performed
analytically using simple changes in the variables.

The final Bayesian expression for p (f |D,l), after marginalizing over
amplitudes A, B & U is given by

1 2_N

N2 —h?| 2




The Bretthorst periodogram

where
Ng Ny
R(f) =) dg(t;)cos(2m ft;—0) Z(t;)— de( )sin(27 ft;—6)Z(t)),
i=1 j=1
Np
I(f) = ZdR( ) sin(2w ft; —0)Z +de ) cos(2m ft), — 0) Z ().
i=1
Zcos 27 ft; — 0)Z +Zs111 (2m ft, — 0)Z( )
and
Zam (27 ft; — 0)Z(t; +Zc0a (2m ft; — 0)Z(t! )
PR ;ﬁhm(irﬁ‘.i)Z(h) Zj Ly sin(4w fth) Z(t )2
2 S cos(dm fti) Z (1) — Sy cos(Am ft5) Z(t))?



1 - . 2—2N
Result P(f|DI Nd® — h*
D) = et
where the sufficient statistic h2 is given by h2 = 12%3)2 T Ig((f ;)2

Simplifications

1. When the data are real and the sinusoid is stationary, the sufficient statistic
for single frequency estimation is the Lomb-Scargle periodogram; not the
Schuster periodogram (power spectrum). However, the Schuster
periodogram is often an excellent approximation.

2. When the data are real, but Z(t) is not constant, then h? generalizes the
Lomb-Scargle periodogram in a very straightforward manner to account for

the decay of the signal.

3. For uniformly sampled quadrature data when the sinusoid is stationary, h2
reduces to a Schuster periodogram of the data.

. C20(4)] 7
p(fn ‘ D, T) [1 N2 ]

2_N



Strong prior information: sigrm
The radial velocity equation, a nonlinear model
model prediction f(t;) =V + K[cos{d(t; + yP) + w} + e cos w]

V = a constant velocity.
K = velocity semi-amplitude = 2Z¢ Sint.

y . {- p . ..P -] _6’2- .
where @ = semi-major axis and i = inclination.
P = the orbital period.

e = the orbital eccentricity.

w = the longitude of periastron.
y = the fraction of an orbit, prior to the start of data taking, that periastron

occurred at. Thus, yP = the number of days prior to ; = O that the star was at
periastron, for an orbital period of P days.
6(t;+y P) = the true anomaly, the angle of the star in its orbit relative to periastron

at time 7;.

do  2x[l +ecosb(s; + x P)I*

= 0
dt P(1 — €2)3/2




Application to extra-solar planet data

Sparse radial velocity measurements for HD 73526
(ref. Tinney, G. C. 2003, Astrophsical Journal, 587, p. 423)

= § 0 .

a 50 iﬁ q :
n :
E 9 ;
2 -50 i 3
LOJ [ 1
—= —100 | 1
2 ; ! f;;

-0 t

O 200 400 600 800 1000 1200
Julian day number (- 2,451,212.1302)
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Lomb-Scargle Periodogram
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Generalized Lomb-Scargle Periodogram

. . . Ld Ll Ll

| |

In 2009 (Zechmeister &
Kurster, A&A, 496, 577, 2009)
Introduced a generalized
Lomb-Scargle (GLS)
periodogram that allows for a
floating offset and weights.

What is missing now is a
Bayesian version of the GLS.
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Problem
ThelLomb-Scargl e peri odogram, al
Bayesian generalization, assume a sinusoidal
sighal which is only optimum for circular orbits.

"Plgnet Semi-Major Axis" vs "Planet Eccentricity” (245)

® 4
. % e © :‘ﬁ @
Why not develop a Bayesian ‘ - .0,
Kepler periodogram : e ":,:_'.".
designed for all Kepler orbits? & ey v 3 ..‘i:
0.105 . u:'.“ ,;, : ‘}’:..o
IR PPN Bt LA

exoplanet.eu (06/05/08) Planet Semi-Major Axis (AU)

In 2005, Eric Ford and | independently
published Kepler Periodograms based on a
Markov chain Monte Carlo (MCMC) approach.

This will be the subject of the next lecture.



Markov chain Monte Carlo
(MCMC)



Strong prior information: si gir
The radial velocity equation, a nonlinear model
model prediction f(t;) =V + K[cos{d(t; + yP) + w} + e cos w]

V = a constant velocity.
K = velocity semi-amplitude = 2Z¢ Sint.

y . {- p . ..P -] _6’2- .
where @ = semi-major axis and i = inclination.
P = the orbital period.

e = the orbital eccentricity.

w = the longitude of periastron.
y = the fraction of an orbit, prior to the start of data taking, that periastron

occurred at. Thus, yP = the number of days prior to ; = O that the star was at
periastron, for an orbital period of P days.
6(t;+y P) = the true anomaly, the angle of the star in its orbit relative to periastron

at time 7;.

do  2x[l +ecosb(s; + x P)I*

= 0
dt P(1 — €2)3/2




: :
The challenge of nonlinear models, multiple peaks

‘True value

1l | | A

-
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-
o

Probability density
00

0.2 0.4 0.6 0.8 1
@ Parameter value

The Bayesian posterior density for a nonlinear model with a single
parameter, U, for 4 simulated data sets of different size ranging from N =5 to
N =80. The N =5 case has the broadest distribution and exhibits 4 maxima.

Asymptotic theory says that the maximum likelihood estimator becomes

more unbiased, more normally distributed and of smaller variance as the
sample size becomes larger.

o



Bayesian parameter estimation

To find the marginal posterior probability density function (PDF) for
the orbital period P, we need to integrate the joint posterior over all
the other parameters.

P(PID,M,, 1) = W M oW g RIE R el R

Marginal PDF An 8 planet model

Joint posterior probability
for P has 42 parameters

density function (PDF) for
the parameters

Markov chain Monte Carlo (MCMC) algorithms provide a powerful
means for efficiently computing integrals in many dimensions to within
a constant factor. This factor is not required for parameter estimation.

After an initial burn-in period, the MCMC produces an equilibrium
distribution of samples in parameter space such that the density of
samples is proportional to the target posterior PDF.

It is very efficient because, unlike straight Mont Carlo integration, it
doesndét waste time exploring region
small.



Starting point: Metropolis-Hastings MCMC algorithm

P(X|D,M,l) =target posterior probability distribution
(X represents the set of model parameters)

1. Choose X, an initial location in the parameter space .Set t = 0.

2. Repeat {

— Obtain a new sample Y from a proposal distribution q (Y | X;)
that is easy to evaluate . g (Y| X¢) can have almost any form.
| use a Gaussian proposal distribution. i.e., Normal distribution N(X, ,0)

— Sample a Uniform (0, 1) random variable U.

(YD,
—fU < P(Y then set X1 =Y

p(X¢ D, D

otherwise\set X;.1 = X;

This factor =1

— Increment t} for a symmetric proposal
distribution like a Gaussian

conditions



Toy MCMC simulations: the efficiency depends on tuning proposal
distribution S &. Can be a very difficult challenge for many parameters.

-4 (a) Acceptance rate = 95% -4 (b) Ac‘bepfa'nce rate = 63%

-4 -2 0 2 4 6 8 10 -4 -2 0 2 4 6 8 10
Xl Xl
4
, In this example the
posterior probability
> 0 distribution consists of two
_9 2 dimensional Gaussians
' Indicated by the contours
-4 (c) Acceptance rate = 4%

-4 -2 0 2 4 6 g8 10
X1



Parallel tempering MCMC

The simple Metropolis-Hastings MCMC algorithm can run into
difficulties if the probability distribution is multi-modal with widely
separated peaks. It can fail to fully explore all peaks which contain
significant probability, especially if some of the peaks are very narrow.

One solution is to run multiple Metropolis-Hastings simulations in
parallel, employing probability distributions of the kind

AXID,M, B,1) = pXIM, ) pOIX, M, DP ©<B< 1)

Typical set of b values =0.09,0.15,0.22,0.35,0.48,0.61,0.78,1.0

b =1 corresponds to our desired target distribution. The others
correspond to progressively flatter probability distributions.

At intervals, a pair of adjacent simulations are chosen at random and
a proposal made to swap their parameter states. The swap allows for
an exchange of information across the ladder of simulations.

In the low b simulations, radically different configurations can arise,
whereas at higher b, a configuration is given the chance to refine itself.

Final results are based on samples from the b = 1 simulation.
Samples from the other simulations provide one way to evaluate
the marginal likelihood for model selection problems.



Fusion Markov chain
Monte Carlo (FMCMC)



Fusion MCMC

All of the studies reported here are implemented in a Bayesian
framework using Fusion MCMC, a very general nonlinear model fitting
method applicable to a wide range of problems.

In the exoplanet problem, the combination of nonlinear model,

sparse sampling, multiple planets and huge prior period range of 0.5d to
1000 yr, yields a highly multi-modal target distribution which is a
problem for a straight Metropolis algorithm.

| have developed a new Markov chain Monte Carlo algorithm called
Fusion MCMC. It combines Metropolis with:

a) parallel tempering*,
b) genetic crossover,
c) simulated annealing .

Each of these features facilitate the detection of a global minimum in
chi-squared in a multi-modal environment. By combining all three, the
algorithm greatly increases the probability of realizing this goal.

* Also known as Exchange Monte Carlo (Hukushima & Nemoto 1996)



Controlled Statistical Fusion

This statistical fusion approach has been achieved through
the development of a unique multi-stage control system, hence
the term controlled statistical fusion.

The control system also automates the tuning of MCMC
proposal distributions for efficient exploration of the model
parameter space even when the parameters are highly

correlated.

The fusion MCMC algorithm is implemented in Mathematica
using parallelized code which utilizes all computer cores

available.

Early discussion on Fusion MCMC: Gregory, P. C., Chapter 7 in
Astrostatistical Challenges for the New Astronomy, Springer Series in
Astrostatistics, Hilbe, J.M (ed), 2012, New York:Springer, pp. 121-148



8 parallel tempering Metropolis chains

Fusion MCMC

b: 1.0 parameters,
b: 0.72 parameters,
b: 0.52 parameters,
b: 0.39 parameters,
b: 0.29 parameters,
b: 0.20 . . parameters,
b: 0.13 v ‘ > : vy parameters,
® 0.09 !-‘—um. narameters,
\ Parallel tempering

Typical b values swap operations

logprior +
logprior +
logprior +
logprior +
logprior +
logprior +
logprior +
logprior +

|
|
|
|
|
|
|
|

!

!

!

!

!

!

!

I

51

Output at each iteration
A

N
loglike, logprior + loglike

loglike, logprior + loglike
loglike, logprior + loglike
loglike, logprior + loglike
loglike, logprior + loglike
loglike, logprior + loglike
loglike, logprior + loglike
loglike, logprior + loglike

8 parallel chains employed to avoid becoming trapped in a local
probability maximum. Each samples a distributions of the form

Range of

m(X|D, M;., I,5) o< p(X|M;,I) x p(D|X, M, )® 2700

b =1 corresponds to our desired target probability distribution.
The others correspond to progressively flatter distributions.

At intervals, a pair of adjacent chains are chosen at random and a
proposal made to swap their parameter states. The swap allows for an

exchange of information across the ladder of chains.



Fusion MCMC

. . . Output at each iteration
8 parallel tempering Metropolis chains A

N
i loglike, logprior + loglike

i loglike, logprior + loglike
i loglike, logprior + loglike
i loglike, logprior + loglike
i loglike, logprior + loglike
i loglike, logprior + loglike
i loglike, logprior + loglike
i loglike, logprior + loglike

parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +

|
|
|
|
|
|
|
|

Parallel tempering

b

b

b

b

b

b

b

(®): 0.09
\
b values swap operations

Refine & update
| Gaussian
proposal sO s

Anneal Gaussian

proposal sd s Portion of Control System that

automates the selection of an
2 stage proposal s control system | = efficient set of s values for the

~errorsignal = Independent Gaussian proposal
(actual joint acceptance rate T 0.25) distributions ( 61 & pr.opo

Effectively defines burn-in interval




Fusion MCMC

8 parallel tempering Metropolis chains

b
b
b
b
b
b

CE):

\
b

swap operations

Output at each iteration
A

parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +

|
|
|
|
|
|
|
|

!

!

!

!

!

!

I

Iogllke,|logpr|or+logllkeI
loglike, Hogpﬂor+|onge|
loglike, Iogprlor+logllkeI
loglike, ﬂogpnor+|oghke
loglike, Hogpnor+|oghke|
Ionge{Iongor+Ionge:
Ioglike,llogprior+loglikeI
|

Anneal Gaussian
proposal sd s

|

Refine & update
Gaussian
proposal sO s

1 Monitor for

|
|
Peak parameter set: | | parameters |
If (logprior + loglike) > le— with peak :
|

previous best by a

: probability

threshold then update - - -

and reset burn-in

2 stage proposal s control system

error signal =
(actual joint acceptance rate i 0.25)

Effectively defines burn-in interval

*

Part of control system that allows
the MCMC to adaptively restart if
it detects a significantly more
probable peak in any chain.



Fusion MCMC

8 parallel tempering Metropolis chains

swap operations

Output at each iteration
A

parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +
parameters, logprior +

|
|
|
|
|
|
|
|

!

!

!

!

!

!

I

Iogllke,|logpr|or+logllkeI
loglike, Hogpﬂor+|onge|
loglike, Iogprlor+logllkeI
loglike, ﬂogpnor+|oghke
loglike, Hogpnor+|oghke|
loglike, Pogpnor+|oghke|
Ioghkeﬂlogpnor+loghke

Anneal Gaussian
proposal sd s

|

Refine & update
Gaussian
proposal sO s

|
Peak parameter set: | | parameters |

If (logprior + loglike) > l— with peak :
|

previous best by a

threshold then update - - - - :

and reset burn-in

1 Monitor for

: probability

2 stage proposal s control system

error signal =
(actual joint acceptance rate i 0.25)

Effectively defines burn-in interval

|IMCMC adaptive control system

T

Genetic algorithm

Every 40 iteration perform gene
crossover operation to breed a
more probable parameter set.




Genetic breeding component

Pie 4Kl 4 Pales 12Kz |Pslestps|Kslp4 V| s |« Best to date

The 3 planet parameter string is divided into 3 genes as shown.

Pile | Kip i Ple 1, Ko\, |Pslestps|Kslgp4V | s« Current iteration best

Parameters V and s are included as part of the last gene.

P.le 1)K ld{Ple 1. Kz ]p 7 [Psles W ;[Kp ]V s | e Substitution 1

The genes from current iteration best are substituted for the
corresponding gene in the best to date one at a time.

This form of breeding leads to transitions to higher Log[prior x Likelihood]
values ~ 1.7 times MCMC steps.

Pilestp1Ki\d4|Polextp,|Ko|d 4 |PslestpsKslp4 V | s | === Substitution 3

Substitutions fr om "fibCusrtroe natr ei taelrsaot iionnc
to be ~ 70% as effective as ACurrent
Overall, genetic breeding 2.8 times as effective as MCMC iterations.

Reverse substitutions from ABest to d
found to approximately 17 times less effective and not included.



Highly correlated parameters

Top figure shows an exoplanet

example. For low eccentricity orbits :

the parameters w and c are not
separately well determined. This
shows up as a strong correlation
between w and c.

One option re-parameterization

The combination 2p &w is

well determined for all
eccentricities. Although 2p ew
IS not well determined for low
eccentricities, it is at least
orthogonal to 2p &w as shown.

Another option

E,-l
5-

O = R

155

HD 88133 \’*‘mﬁ.
. 1:“_..‘.'*“.
-.|.:“':hh
A ]
\ e ]
0.2 0.4 0.6 0.8 1
X
:
2.1 2.2 2.3 2.4 2.5
27y+w

Algorithm learns about the parameter correlations during the burn-in
and generates proposals with these statistical correlations.



How to deal with highly correlated parameters

Using only independent Gaussian proposalsthe ( 6| 6 sthédhsedme
need to be very small for any proposal to be accepted and consequently
convergence is very slow.

Learn about parameter correlations during burn-in

The accepted 6 pbroposals will generally cluster along the correlation
path so every 2"4 accepted 6 proposal is appended to a correlated
sample buffer (separate buffer for each tempering level).

Only the 300 most recent additions to the buffer are retained.

A 0 uooposal is generated using the difference between a pair of
randomly selected samples drawn from the correlated sample buffer
(for that tempering level), after multiplication by a constant.

Value of constant is computed automatically by another control system
module which ensures that the 6 Qoooposal acceptance rate is close to
25%.



Fusion

MCMC Automatic proposal scheme that

learns about parameter correlations

8 parallel tempering Metropolis chains

during burn-in (for each chain)

b . rEEssssssssssEEnnn .
. : from :
b- new 4 proposal C :
b parameter 3
b value from
b O proposal |
(E) % repeat
\ ' | . ¢ e h e m—  — I
b values swap operations . Add every 2nd latest .
S 1 J to a buffer 300 values
o0l 6 proposlalésCﬁ propolals d'ff‘
ifference

Independent

| Gaussian proposal

] scheme employed
50% of the time

Proposal distribution
with built in parameter
correlations used
50% of the time

-

multiply by
constant <1

|

<+ of random

pairs

|IMCMC adaptive control system

During burn-in control system
adjusts constant so acceptance
rate from C proposals =25 %

]



- 7 Pa
Testing 0CO0 proposal scheme
- - - . ] Autocorrelation function
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Left panels show the MCMC marginal probability distributions for parameters

c and ¥ . Right panels show their MCMC autocorrelation functions.

PDF
«w ACF

Black trace =searchincand yusing only Ol &6 propo
Redtrace = search using both 616 and o6C
Greentrace= 01 6 search using transfor med



Summary of automatic 0CO

With very little computational overhead, the 6 Qodoposals
provide the scale and direction for efficient jumps in a
correlated parameter space with no additional chains.

The final proposal di stributio
0CO proposal s. Each i s employed

The combination ensures that the whole parameter space
can be reached and that the FMCMC chain is aperiodic.

The parallel tempering feature operates as before to avoid
becoming trapped in a local probability maximum.




Data  Model Prior

Bayes Theorem

p(X [D,M,1)
Target posterior

If you input a Kepler model the fusion MCMC becomes

A Kepler periodogram

Optimum for finding Kepler orbits and
evaluating their probabilities.

Capable of simultaneously fitting multiple planet models.
A multi -planet Kepler periodogram

Multiple Planets complications: for a star being perturbed by multiple
planets, there is no analytic expression for the exact radial velocity
perturbation. However, I n many cases
enough by the sum of multiple independent Keplerian orbits.



Model space considered

Symbol Model # of parameters
M, Constant velocity V + extra noise term s 2
M; V +elliptical orbit +extra noise term s 7
M, V +2elliptical orbits+extra noise term s 12
M;  V + 3elliptical orbits+extra noise term s 17
M;  V +]elliptical orbits+extra noise term s 5]+2

An extra noise term allows for an intrinsic stellar variability
(njittero) that we model as an a
Gaussian noise with variance s? and add to the measurement
uncertainties in quadrature. s becomes an additional
parameter to marginalize over.

Note: some forms of stellar jitter (e.g., star spots) can produce
Keplerian-like radial velocity variations.




. .
Autocorrelation function Y overtapl(Ti — F) (Tit; — T)]

- - plJ) =
of residuals for Gliese 667C \/mem("ff _ )2 x \./Em_mp(:cm —T)?

where Xx; is the it" residual, j is the lag and x is the mean of the samples in
the overlap region. Because the data are not uniformly sampled, for each
lag all sample pairs that differed in time by this lag NO.1 d were utilized.

y "
1.0F " 1.0F

1 signal residuals 6 signal residuals

1
1
]
P=72d _ | P=7.2,281,30.8,38.8,5391d
':
1
1

0.5p 0.5

t
]
I
!

Autocorrelation
Autocorrelation

0.0
-0.5F
1.0, M S S T Tt L P S T SR 1
0 10
Lag (d) Lag (d)
"0 3 signal residuals 1 The solid red curve in the 1signal
5 osbi Pt residuals is the average
I A AN s, R A bR autocorrelation generated from 400
=0 -—‘d—l—;—t‘ﬁ,—\—r‘—:—}—ﬁfﬁ—%ﬂ—}—h‘ﬁ‘—- : I
g AR AR A VAR LI it \ simulated data sets of a 5 signal
8 it ”r U T 1‘ "
g -os} ‘Y ’ ~ 1 V4 model (28.1,30.8,38.8,53.2,&91d
Ll | periods)together with the quoted
0 0 20 30 4« s e _ [Mmeasurementerrors.



. .
Annealing due to extra noise term, s

Inclusion of an extra noise term of unknown magnitude also gives rise
to an annealing operation when the Markov chain is started far from the
best-fit values.

If only known observational errors are included, the posterior probability
di stribution is often very frougho
parameter space.

When s is included, Bayesian Markov chain automatically inflates s to
Include anything in the data that cannot be accounted for by the model
with the current set of parameters and the known measurement errors.

This results in a smoothing out . _
of the posterior surface and 4} s = 0 (blue)-
allows the Markov chain to s = 2.5 (red)l
explore the parameter space 3l -
more quickly. The chain begins
to decrease the value of s as it
settles in near the best-fit

parameters. This behavior is 1
similar to simulated annealing,
but does not require choosing a Ao 10 0 10 20
cooling scheme.

Model parameter offset



. .
Annealing due to extra noise term, s

Inclusion of an extra noise term of unknown magnitude also gives rise
to an annealing operation when the Markov chain is started far from the
best-fit values.

If only known observational errors are included, the posterior probability
di stribution is often very frougho
parameter space.

When s is included, Bayesian Markov chain automatically inflates s to
Include anything in the data that cannot be accounted for by the model
with the current set of parameters and the known measurement errors.

This results in a smoothing out T ——— . —————E—— -
of the posterior surface and Behavior of s parameter '
allows the Markov chain to 8 for some real data
explore the parameter space -~ [°

more quickly. The chain begins o Bf -

to decrease the value of s as it = 4:_ ﬁ

settles in near the best-fit O BN

parameters. This behavior is 2F . , ]
similar to simulated annealing, [ ?WWWMW#”
but does not require choosing & ) 25000 50000 75000 10{]500

cooling scheme. Iteration



Example 1: HD208487



HD 208487

History
1) 2005, report of a P = 130d companion

C. G. Tinney et al. ApJ, 623, 1171

2) 02/2007, report of 2" companion
P = 909N 90d

P. C. Gregory, MNRAS, 403, 731

3) 03/2007, report of a 2"d companion,
P ~ 27 or 1000 days

J. T. Wright et al., ApJ, 657, 533

Will consider which is the real
signal when | discuss aliases.

Residuals (m s™")

Velocity (ms™")
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Parameter pr lor Lower bound Upper bound
. _ ] , , , ~ 1 ;
Orbital frequency p(n fi.1n f>.- In f,IM,. 1) = m 1/0.5d 1/1000 yr
(n =number of planets)

Velocity K Modified scale invariant 0 (Kp=1 K Pyin |3 _1
elocity K; odified scale invariant (Kp=1) max ( s ) N
(m s“)

(K+Kp)™! ,
P - +P 0} /3 ] Kmax = 2129
In | 1+ =% (%] V2 Kmax COrresponds to a max.
planet-star mass ratio = 0.01

V(ms!) Uniform — K max K max

e Eccentricity 3.1(1 — e)! 0 0.99

y orbit fraction Uniform 0 1

w Longitude of Uniform 0 2n
periastron

. o —1 (s+50)”! . -

s Extranoise (ms™') ———— 0 (sp=1t010)  Kmax

In[l+'€]}%)

“ Since the prior lower limits for K and s include zero, we used a modified scale invariant prior of the form

p(X|M.,I) =

| 1
X+ Xo ]n(l +‘i‘}‘—ﬂ“)

For X < Xy, p(X|M, I) behaves like a uniform prior and for X > Xj it behaves like a scale invariant prior.
The In (1 + X)“(%) term in the denominator ensures that the prior is normalized in the interval 0 to X.x.



Search in frequency instead of period

The width of a spectral peak in a probability density plot, which
reflects the accuracy of the frequency estimate, is determined by the
duration of the data, the signal-to-noise (S/N) ratio and the number of
data points.

More precisely, for a sinusoidal signal model, the standard deviation
of the spectral peak, df, for a S/N > 1, is given by

S
of ~ (1,f:sﬁ7m-*) Hz

where 7 =the data duration in s, and N = the # of data points in /.

The thing to notice is that the width of any peak is independent of the
frequency of the peak. Thus the same frequency proposal distribution
will be efficient for all frequency peaks. This is not the case for a

period search where the width of a spectral peak is x P2,

Not only is the width of the peak independent of f, but the spacing of
potential peaks is constant in frequency (roughly f ~ 1/77), which is a
another motivation for searching in frequency space.



Search in frequency instead of period

Spectral Window

0.005 0.010 0.015 0.020 0.025 0.030 0.035
Frequency (1/d)

A portion of the spectral window function of the radial velocity data for
HD 208487 demonstrating the uniform spacing of peaks in frequency.
The 29.5 d peak corresponds to the synodic month.



Multiple orbital frequency prior

For a single frequency (period) model we use a scale invariant prior
which can be written in two equivalent forms.

dl
pn fiMy, D) dln f = 1n<f;/§L)

_ df
PUIMD AT = e

What form of frequency prior should we use for a multiple planet model?
If we constrain the frequencies in an n planet search such that

(ngfl $f2"'$ nSfH).

From the product rule of probability theory and the above frequency
constraints we can show that the multiple frequency prior is

n!
p(In fi,In fa, - In fo|Mn, I) = In(fu/fL)|"

Bretthorst (2003) derived a similar result involving n! in the numerator
In connection of uniform frequency priors.




Orbital frequency search strategy

Two different approaches to searching in the frequency parameters
were tried.

(@) an upper bound on f, O , fvas utilized to maintain the identity of
the two frequencies.

(b) both f, and f, were allowed to roam over the entire frequency range
and the parameters re-labeled afterwards. In this second approach

nothing constrains f; to always be below f, so that degenerate
parameter peaks can occur.

Approach (b) was found to be more successful because in repeated
blind period searches it regularly converged on the highest posterior
peak, in spite of the huge period search range.

Approach (a) proved to be unsuccessful in finding the highest peak in
many trials and in those cases where it did find the peak it required more

iterations. Restricting f, O , ihtroduces an additional hurdle that appears
to slow the MCMC period search



Orbital frequency search strategy

Provide the parameters are re-labeled after the MCMC run, such
that the parameters associated with the lower frequency are
always identified with planet 1 and vice versa, the two cases are
equivalent and both require the same frequency prior.



Parameter pr lor Lower bound Upper bound
. _ ] , , , ~ 1 ;
Orbital frequency p(n fi.1n f>.- In f,IM,. 1) = m 1/0.5d 1/1000 yr
(n =number of planets)

Velocity K Modified scale invariant 0 (Kp=1 K Pyin |3 _1
elocity K; odified scale invariant (Kp=1) max ( s ) N
(m s“)

(K+Kp)™! ,
P - +P 0} /3 ] Kmax = 2129
In | 1+ =% (%] V2 Kmax COrresponds to a max.
planet-star mass ratio = 0.01

V(ms!) Uniform — K max K max

e Eccentricity 3.1(1 — e)! 0 0.99

y orbit fraction Uniform 0 1

w Longitude of Uniform 0 2n
periastron

. o —1 (s+50)”! . -

s Extranoise (ms™') ———— 0 (sp=1t010)  Kmax

In[l+'€]}%)

“ Since the prior lower limits for K and s include zero, we used a modified scale invariant prior of the form

l

I

p(X|M.,I) =

X + Xo ]n(l +‘i‘}‘—ﬂ“)

For X < Xy, p(X|M, I) behaves like a uniform prior and for X > Xj it behaves like a scale invariant prior.
The In (1 + M) term in the denominator ensures that the prior is normalized in the interval 0 to X.x.

Xo



Eccentricity priors

Blue curve
plell) = 3.1(1 — 6)2'1

PDF

Eccentricity

Solid black line is best fit Beta distribution (Kipping 2013) to the
eccentricity data of 396 high S/N exoplanets. The dashed and dot-dashed
black lines are Kipping's Beta distribution fits to the subsets with periods
> 382.3d (median) and < 382.3 d, respectively. The red line is the
Gaussian eccentricity prior adopted by Tuomi et al. (2012). The gray line
IS my earlier prior which attempted a modest correction for noise
iInduced eccentricity bias. The blue line is prior employed in this work.



Prior for K

Kimax COrresponds to the velocity of a planet with a mass = 0.01 M in
a circular orbit with our shortest period of one day.

Since K, depends on two of the other parameters, P, , e, , according to

M SIn 2 (Qﬁ(_}'ﬂﬁ: )1/3 (l N m )—2/3 1
i TP M) VT

| used an upper bound for K; given by

Ki = Kmax (}B—I:H) _ >
A/ 1—e“
1
which allows the upper limit on K; to depend on the proposed period
and eccentricity. In my implementation of Metropolis, | make new

proposals of all parameters at each iteration.

K =




HD 208487

FMCMC results
before relabeling
parameters
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HD 208487

FMCMC results

after relabeling
parameters
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Periods

HD 208487 periodogram plots (2 planet model)
p(fIM,I) ® 1/f
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HD 208487 marginal distributions (2 planet model)
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Periods

HD 208487 periodogram plots (2 planet model)
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Dynamical stability

Work in the 1970s and 80s showed that the motions of a
system of a star with two planets (not in a low-order mean
motion resonance) would be bounded in some situations.

Two dominant definitions of stability emerged
(Barnes and Greenberg 2006)

a) Hill stability the ordering of the two planets in
terms of distance from the central star is conserved.

b) Lagrange stability includes Hill stability plus the planets
remain bound to the star and the semimajor axis and
eccentricity remain bounded.

Result for HD 208487: both two period solutions are
Lagrange stable.
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Allases
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How aliasing arises. Uniform sampling at an interval T in the time domain
corresponds to convolution in the frequency domain. The upper panel shows
the Fourier Transform (FT) of the sampling. The middle panel shows the FT of
the signal together with the Nyquist frequency. The lower panel shows the
resulting convolution. There are 3 aliased signals at f =0.23,f =0.77, and
f=1.77, only one of which, at f =0.23, is below the Nyquist frequency.

Bayesian Logical Data Analysis for the Physical Sciences, Cambridge Press 2005, 2010



Allases

Signal amplitude

Time

An illustration of how four different frequencies can all pass
through the same set of four uniformly sampled data points

(boxes) but only one passes through all the points when one
sample is replaced by a non-uniform sample (star).

There is effectively no Nyquist frequency for unevenly sampled
data. Since RV sampling is very non-uniform, do we need to
worry about Aliases?

Bayesian Logical Data Analysis for the Physical Sciences, Cambridge Press 2005



" g T ——
Aliases 1.0p— " Sunni%es ]
"x"“-x._x ., o * . "“'“-x__x I
"x.._H__. . — . S I
~ e . ¢
> 0.8 Stay Fa~ B ~3r Sey 1
g IS@S&““*-- * e e « IS
~_ . ~_
; 0.6 S . ]
Q
€ 04
0.2

0.0
0 50 100 150 200 250 300 350

t mod 365.25 days

Rebekah I. Dawson and Daniel C. Fabrycky (ApJ, 722:937, 2010)
demonstrated how ground based astronomy has inherent periodicities
In the sampling governed by when we can observe that give rise to
significant aliases. Above is an example for the HD 208487 data.

The aliases arise from the convolution of the true spectrum with
the window function = Fourier transform of the sampling times.



Rebekah |. Dawson and Daniel C. Fabrycky ApJd, 722:937, 2010

cOeoo00
oNE OO N

0.000 0.002 0.004 0.006 0.008 0.010 1.000 1.002 1.004 1.006 1.008

o e | V)

12— |
1.0

0.8

0.6 1

0.4 1

0.2

0.0 - R LR B S

2.000 2.002 2.004 2.006 2.008 3.000 5.002 3.004 5.006 5.008

Freq (1/day)

Spectral window function of radial velocity measurements of GJ 876
(Rivera+ 2005). Major features of the spectral window function are
colored: red (at 0 day' 3, green (yearly feature), fuschia (daily features),
blue (2 day' ), and brown (3 day' J .
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frequencies have different types of aliases at different locations, allowing us to break the degeneracy.



Window function

HD 208487
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HD 208487 periodogram of MAP 1 planet fit residuals

HD 208487 periodogram of MAP 1 planet fit residuals 89
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Gliese 581



Gliese 581 the star with two
possible habitable zone planets

History

1) 2005 to 2009,
Planet e is 1.9 Earth mass
Planet b is 16 Earth mass
Planet c is 5 Earth mass
Planet d is 7 Earth mass (HZ)

M. Mayor et al., A&A, 507, p. 487, Nov. 2009

2) 2010,
Planet fis 7 Earth mass
Planet g is 3.1 Earth mass (HZ)

Steven Vogt et al., ApJ, 723, p. 954, 2011,
their analysis assumes all circular orbits.

3) 2011, Gregory, P. C., MNRAS, 415, 2523

Borderline evidence for 5 planets.
Dondot support cl

Find evidence that Keck HIRES
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added in quadrature.

f

[ ]
=

:' HARPSSata .
—~ i §I %i #i
< 10f it I i Eigi 4
n ] 3 :
E | ;[ fpe i H% iE{f
oF F If EI 3 1
é? L 3 i L i %
o [ 1 gl ! 3 ' E%
%_m.—i X! 545 EIE )
> I i pf 'y
—.’ﬂ:li t t (a) ]
—I:J[r- — —5.0 — EI ) SEII}
Julian day number (-2,454,186.6178)
0E T E q
4 | | ?.I | \ ﬁ | I| II } |,
~ o} i AV ig'| | E” "ll’lll. I
0 I||||||||||'|I || | | III||' |
S L ||“W|“w' L
- 1E;”|||||I?f|l||||'”"||| |I|'|$I |||I||u||'|'|||
'S_m ||“,'|||;|||§||.'|I “i"lliq | s|j|
9 |i I,I \ Il ||| | | }!
[} | Vo | 1
= _x} Blow-up oi‘ 5 plamjet f;t to HARPS
0 0 100 150
Julian day number (-2,454,186.6178)
ol
‘_E'é) ﬁl-' .
2 it
3 rml
ke 1 4|k
> g

- .l{iﬂlZI

- :s(ll}

Julian day number (-2, 454 186.61 67|8)

Model sel | [Baves factors] [ Noise mod |

devf



Log,,[PriorxLikelihood]

Periods

Gliese periodogram plots (4 planet model)
p(fIM,I) ® 1/f
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Gliese periodogram plots (5 planet model)

o(fIM,1) ® 1/ f
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Gliese periodogram plots (5 planet model)
p(AM,I) < 1/\F
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Gliese

parameter marginals (5 planet model) p(fiM,]) < 1/ \/f
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Gliese periodogram plots (6 planet model)

p(AM,I) < 1/\F
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Model Selection



Bayesian Model Selection

Compare two models by computing the ratio of their posterior
probabilities (odds ratio) which automatically incorporates a
guantitative Occambs razor.

Expand with Bayeso theorem
pMi|I) p(DIM,, 1)
Odd ratio — p(Mi|D,I) p(DII) _ p(MLT) p(DIM,y, 1)
rato ==  MD,I) ~ \pOMD pDIM, 1) — p(My|T)
p(DII)
posterior probability prior probability Bayes factor
ratio ratio
Bayes factor, B;, = PDIM,,1) _ marginal likelihood ratio
p(Dl MO1 I)

marginal likelihood for M;
~— p(DIM,,1) :ﬁjd pdlM,,1) pO|d,M,,1)

In words: the marginal likelihood for a model is the weighted average
likelihood for its parameter(s). The weighting function is the prior for
the parameter.

Occam| [return]



Bayesian Model Selection and Extrasolar Planets
Eric B. Ford and Philip C. Gregory

i n O0Statistical Chall enges in Modern Astrongc
Astron. Soc. of the Pacific Conference Series, 371, pp. 189-205 (2007)

We compared a wide variety of estimators of the marginal likelihood
and feature those that display desirable convergence properties based
on the analysis of a sample data set for HD 88133. This was the focus
of a SAMSI workshop on exoplanets. Some of the estimators
considered:

- Restricted Monte Carlo

- Partial linearization and Laplace Approximation

- Harmonic mean

- Weighted harmonic mean

- Basic importance sampling

- Importance sampling with a mixture of multivariate normals
- Ratio estimator

- Parallel tempering

Since then | have added one new method:
- Nested Restricted Monte Carlo
and compared to Parallel tempering & Ratio estimator methods



Bayesian model selection from parallel tempering MCMC

Markov chain Monte Carlo analysis produces samples in model
parameter space in proportion to the posterior probability
distribution. This is fine for parameter estimation.

For model selection we need to determine the proportionality
constant to evaluate the marginal likelihood p(D|M, ,I) for each
model.

One solution is to use the MCMC results from all the parallel
tempering chains spanning a wide range of b values.

TXID,M, B, 1) = pXIM, D pOIX,M, DB ©0<B< 1)

Prior Likelihood

Here X represents the model parameters and b =1 corresponds
to our desired target distribution. Others values of b correspond
to progressively flatter probability distributions.



Model probabilities from parallel tempering chains
commonly known as thermodynamic integration

In[p(DIM;, D] = fdﬁﬂH[P(DIMs,XJ)])ﬁ
where (In[p(D|M;, X, I)])s

= expectation value of In[p(D|M;, X, )] for agiven b

1
= E Z ln[p(D|Mh Xl‘,ﬁa I)]

n = number of MCMC iterations
and p(D|M;, X;,I) is the likelihood of the set of parameter

choices for iteration t and for the given value of b.



(In p(D|M>,X.1))

In[p (D M3, ] = f(ln[p(mMz,X, hlys dp

used in the calculation of model probabilities
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Fractional error in marginal likelihood
versus parallel tempering b value

[ range p(D\M»>, I)pr  Fractional error
107" — 1.0 3290x 107> 3x10°

1072 — 1.0 4779 x 107 43

1073 — 1.0 2817x10°° 26

107* — 1.0 1.635x10°°" 0.1

107> — 1.0 1.306x10°% 0.21

100 — 1.0 1.148 x 107" 0.06

1077 — 1.0 1.091x10°°"  0.008

1078 — 1.0 1.083x10°°"  0.0008

107 = 1.0 1.082x10°° 0.0

The third column gives the fractional
error in the marginal likelihood that
would result if this decade of b was not
included, which indicates the sensitivity
of the result to that decade.

return 208487



Marginal likelihood estimate versus MCMC iteration number

HD 208487 (2 planet)

Marginal likelihood (PT)

50000 100000 150000
Iterations (x 10)

A plot of the marginal likelihood, p(D|M,, X, )pr , versus FMCMC
iteration for the two planet HD 208487 model results for two trials.



Nested Restricted Monte Carlo

One method | developed to estimate the marginal likelihoods is
Nested Restricted Monte Carlo (NRMC) integration. For large parameter
spaces, Monte Carlo (MC) integration is hopelessly inefficient in
exploring the whole prior parameter range. The fraction of the prior
volume containing significant probability rapidly declines as the
number of dimensions increase.

In Restricted MC (RMC) this is less of a problem because the
volume of parameter space sampled is greatly restricted to a region
delineated by the outer borders of the marginal distributions of the
parameters obtained from the MCMC run.

In Nested RMC (NRMC) integration, multiple boundaries are
constructed based on credible regions ranging from 30% to > 99%, as
needed. We are able to compute the contribution to the total integral
from each nested interval and sum these contributions. For example, for
the interval between the 30% and 60% credible regions, we generate
random parameter samples within the 60% region and reject any sample
that falls within the 30% region. Using the remaining samples we can
compute the contribution to the NRMC integral from that interval.



Nested Restricted Monte Carlo (NRMC) Integration

Construction of hypercubes

In NRMC integration, multiple boundaries of a restricted hypercube
In parameter space are constructed based on credible regions ranging
from 30% to O 99%, as needed.

To construct the x% hypercube we compute the x% credible region of
the marginal distribution for each parameter of the particular model.

The x% hypercube is delineated by the x% credible range of the
marginal for each parameter.

Note: the actual fraction of the total probability of the joint
posterior distribution contained within a hypercube defined in

this way will be greater than x%.



Nested Restricted Monte Carlo (NRMC) Integration

Construction of hypercubes

In NRMC integration, multiple boundaries of a restricted hypercube
In parameter space are constructed based on credible regions ranging
from 30% to O 99%, as needed.

To construct the x% hypercube we compute the x% credible region of
the marginal distribution for each parameter of the particular model.

The x% hypercube is delineated by the x% credible range of the
marginal for each parameter.

Contribution from each nested interval

For example, for the interval between the 30% and 60% hypercubes,
generate random parameter samples within the 60% hypercube and
reject any sample that falls within the 30% hypercube. Using the
remaining samples we can compute the contribution to the NRMC

Integral from that interval.
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The left panel shows the contributions from the individual intervals for 5
repeats of the NRMC evaluation for the 1 planet HD 208487 model. The right
panel shows the summation of the individual contributions versus the
volume of the credible region.

The 9995% boundary is defined as follows. Let XU99 and XL99
correspond to the upper and lower boundaries of the 99% credible region,
for a particular parameter. Similarly, XU95 and XL95 are the upper and lower
boundaries of the 95% credible region for the parameter.
Then XU9995 = XU99 +( XU991 XU
XL9995 = XL99 +( XL9971T XL95)
Similarly, XU9984 = XU99 + ( XU
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NRMC Integration Gliese 581 (1 planet)
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The left panel shows the contributions from the individual intervals for
5 repeats of the NRMC evaluation for the 1 planet Gliese 581 model. The
right panel shows the summation of the individual contributions versus
the volume of the credible region.

The mean value of the prior I likelihood within the 30% credible region
is 21 10° larger than the mean in the shell between the 97 and 99%
credible regions. However, the volume of the shell between 97 and 99%
is 8 1 101! larger so the contribution from the 30% credible region to the
marginal likelihood is negligible.
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NRMC Integration HD 208487 (2 planet)
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The left panel shows the contributions from the individual intervals for
5 repeats of the NRMC evaluation for the 2 planet Gliese 581 model. The
right panel shows the summation of the individual contributions versus

the volume of the credible region.
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The left panel shows the contributions from the individual intervals for
5 repeats of the NRMC evaluation for the 3 planet Gliese 581 model. The
right panel shows the summation of the individual contributions versus
the volume of the credible region.



NRMC Integration Gliese 581 (4 planet)

5 - 254 pr—r—r—r—r—r—r—r—r——r—r—r—r—r—r—r——r—r—r—r— = —254} i i i . ]

g pr N 1 3 :

£ -256} o 2 _256f

[ ¥ 3 3 )

4 x

=5 258} .,n' ( = -258}

© R4 ©

S —-260} % S 260}

= /’ >

s 2e2f| sldgs] = 262} |3y

= x s slelx gl sy B288] = SRR EER 238

5> —264} & BBR S 3 &3 3881 T -264} BRIBS |45 3333

o ¢ : , : ] = : : : : i

-30 -25 -20 -15 -10 -30 -25 -20 -15 -10

Log,,[Restricted Monte Carlo parameter volume] Log,,[Restricted Monte Carlo parameter volume]

The left panel shows the contributions from the individual intervals for
5 repeats of the NRMC evaluation for the 4 planet Gliese 581 model. The
right panel shows the summation of the individual contributions versus
the volume of the credible region.
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Comparisons of marginal
likelihood estimators versus
iteration for one to five planet
model fits.

-The left hand column of plots
show parallel tempering
marginal likelihoods versus
iteration number.

-The curves in the right hand
column of panels show ratio
estimator marginal
likelihoods.

-The horizontal black dashed
lines are the NRMC marginal
likelihoods with the numerical
value of the mean and range
of 5 repeats.

-The horizontal gray dashed
lines are the NRMC marginal
likelihood value within the
MCMC 95% credible region of
the model parameters.
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NRMC Integration Gliese 581

fraction

Number of planets

The fraction of the total NRMC marginal likelihood within the MCMC
95% and 99% credible regions versus the number of planets.



Comparison of the 3 marginal likelihood estimates

Model RE : NRMC : PT
1 planet 1.0: 096 : 1.82
2 planet 1.0 : 0.75 : 052
3 planet 1.0 : 222 : 094
4 planet 1.0 : 5.6
5 planet 1.0 : 24

Conclusions

1) For up to 3 planets (17 parameters) agreement within factor ~ 2.

2) The contribution to NRMC estimate from low probability density
regions increase markedly with increasing model parameters.

3) Thereis an indication that the RE estimates and others directly
derived from the MCMC posterior samples may be dynamic range
limited by the number of iterations, leading to an under estimate
In large parameter spaces.

4) NRMC method is conceptually simple and fast to compute.



Marginal Likelihood Ratio Estimator

Starting point I s BayesoOoO theorem
- X |M;, \p(DIM;, X, I

Re-arrange and multiply through by additional sampling distribution h (?)

—

p(D|M;, ) p(X | D, Mi, 1) h X)=p(X | M;, I) p(D| M;, X, I)h X)

Integrate both sides over the prior range for X.

pDIM;, by [p(X1D, M;, I)hX)dX = [p(X1M;, ) p(DIM;, X, )h %) d X

The ratio estimator of the marginal likelihood, which we designate by
P(DIM; I),e ., IS given by

[p(X 1M, 1) p(DIM;, X, ) h K) d X

p(Dl Mi: I)re - — — -
[p(X1D, M, )hX)dX




Marginal Likelihood Ratio Estimator

The ratio estimator of the marginal likelihood, which we designate by
P(DIM; I);e, IS given by

p(DIM;, 1),y = [p(X1m;, 1) p(D1M;, X, 1)h X)d X
17 re —

fp()_ﬁ D, M;, ) h(X)d X

The arbitrary functionh X)was set equal to a multivariate normal with a
covariance matrix equal to twice the covariance matrix computed from
a sub-sample of the b =1 MCMC draws.

Interpret the numerator as the weighted average of the prior x
Likelihood, weighted by h X). Similarly, interpret the denominator as the
weighted average of h X)weighted by the posterior.

To obtain the marginal likelihood ratio estimator, p(D|MI e, We

approxmate the numerator by drawing samples X;, ., Xl_1 '
from h X) and approximate the denominator by arawing sampies

X:, ...., X, fromthe remainder of the MCMC draws.
=1 p[xj\Mi,” plD\Mi,Xj,H
p[D‘ Mi1|]re: e —T



Marginal Likelihood Ratio Estimator

D hXp

This estimator is particularly useful, since there is no risk of a small
denominator leading to a large variance, as in importance sampling.

P(Dl Mi: I)re =

Detail: Some of the samples from a multivariate normal h (?) can have
nonphysical parameter values (e.g. K < 0). Rejecting all
nonphysical samples corresponds to sampling from a truncated
multivariate normal. The factor required to normalize the truncated
multivariate normal is just the ratio of the total number of samples
from the full multivariate normal to the number of physical valid
samples. Of course we need to use the same truncated multivariate
normal in the denominator so the normalization factor cancels.



Improved Marginal Likelihood Ratio Estimator

For some data sets the 09 L :sé_‘i.lh‘:-'-"x"zt"
posterior samples are not well 0.8 I ,ﬂ e

modeled by a single
multivariate normal.

0.7

0.6

Eccentricity e

Better to replaceh X) by ¢ X) a 05} of

mixture of multivariate normals,

Wh ere nc 100 200 300 400
—_ —_ -1
g(X)=ng(X) Koms™)
k=1

We randomly choose n, = 100-150 samples to be removed from the
original MCMC posterior draws to be used as the locations for the
mixture components. We also determine the covariance matrix for each
mixture component using another sub-sample of the posterior draws.

p(D|M;, I) > PG | Mi, 1) p(D1 M, X, 1)
i Dre = ne —
Zj=1g(xf)




Bayesian false alarm probability

In the context of claiming the detection of m planets the false alarm
probability (FAP,,) is the probability that there are actually fewer than

m planets,i.e., m1 1 or | ess.
m—1

FAP,, = Z(prob.of 1 planets)
i=0
If we assume a priori that all models under consideration are equally
likely, then the probability of each model is related to the Bayes

factors by B”
p(M; | D, 1) = —
2.j=0 Bj
where N is the maximum number of planets in the hypothesis space

under consideration, and of course B11 = 1. For the purpose of
computing FAP_, we set N =m.

Form =2 By + B
or m Fap, = (ot Bin)
=0 B




Model Selection HD 208487

Model  Periods Marginal Bayes factor  False Alarm
(d) Likelihood nominal Probability

My .44 x 10768 1.77 x 1073

M, (130) (B.13700) x 107%* 1 1.4x 107

My,  (29.130) (1.831003) x 1072 225 0.90

My,  (130,900) (1.65%17) x 1071 203 0.10

M, (29.130) or (130,900)  (1.83%)17) x 107¢1 225 4.4x 1073

FAP, = ot + B11) = 44% 107

(Bo1 + By + Bag1 + Bapy)



Model Selection Gliese 581

Model  Periods Marginal Bayes factor  False Alarm
(d) Likelihood nominal Probability

M 5.32x 1079 7.9 x 10713

M; (5.37) (145 £0.004) x 10727 22x 1074 37 x 107

M, (5.37.12.9) (5.55%059) x 107273 26x 107 2.6x 107

M3 (5.37.12.9.66.9) (1.40%075) x 10720 2.1x 1071 3.9x107®

My (3.15.5.37,12.9,66.9) (6.741%) x 1072 1.0 2.1x 10711

Ms,  (3.15.5.37.12.9.66.9,192) (5.8*12) x 10724 8.7 0.19

Msp,  (3.15,5.37.12.9,66.9.n0t 192)  (0.77333) x 1074 1.0 0.90

M5 (3.15.5.37.12.9.66.9.all) (6.57)7) x 1074 9.7 0.093

Ms (3.15.5.37,12.9.66.9.71.190)  (5.21F}3) x 107> 778 0.014

Results for M5b are based on the ratio of post burn-in samples that were

not in the 192d peak to the samples in the 192 d peak.



Detecting extrasolar planets from stellar radial velocities
Using Bayesian evidence. (MNRAS, 415, 3462, 2011)

F. FerozW S. T. Balan and M. P. Hobson
Astrophysics Group, Cavendish Laboratory

They have analyzed RV data using a MULTINEST version of John
Skillingds nested sampling algorit!

They found that MultiNest is not able to calculate the evidence values
directly for systems with more than 3 planets.

Instead they base their model selection calculations for the n planet
versus n+1 planet model on zero and one planet model fits to the n
planet residuals. These results must necessarily be considered only
approximate because in general inclusion of an additional planet (to
n+1) will effect the best fit parameters for the n planet subset which
will not be reflected in the n planet residuals.

Stay tuned T | hear new developments are underway



Stellar activity
Induced RV

In this section | present results
of a preliminary investigation
aimed at identifying and/or
correcting for stellar activity
iInduced RV signals



The Solar and Hellospheric
Observatory

A

N

3/26/01 3/27/01 3/28/01 3/29/01 3/30/01 3/31/01 4/01/01 4/02/01

Active regions contain:
e spots (limb-darkened, large contrast)

e faculae (limb-brightened, low contrast, extended)
- % L

.

Approx. size of Earth — +  Nelg(@Z\V D] Nelelait{a[V[8]aaRIgI Il
Sunspots rotate with the Sun (every 27 days).
They typical last from days to months.

SOHO is a mission of international cooperation between ESA and NASA



Stellar activity

Time Scale Vel. noise Type of activity  Partial solutions

~ 10 years 17 20 m/s Magnetic cycle correlation

1071 50d few m/s Active regions a) correlation
spots and pl ages
Gaussian process

15mini 2d few m/s Granulations ave. 3x10 min/night
reduce to ~ 0.5 m/s

~ 1 hr <1m/s Flares

<15 min few m/s Oscillations ave. for 15 min
reduce to ~ 0.2 m/s



Spectral line diagnostics for RV measurements (o. Queloz et al., 2009 A&A 506, 303)
Besides accurate RV measurements, HARPS provides additional information on
the spectral line shapes that are extracted from the CCF, the average shape of all
spectral lines of the star.

Any changes in the CCF that are correlated with the RV can be attributed to
pulsation effects or stellar spots both of which affect the shapes and thus the
centroids of the spectral line.

Two simple diagnostics used to look for changes in the shape of the CCF:
(a) width (FWHM) and (b) its bisector span.

HARPSGO6 wavelength coverage Il ncludes-th
iIndex is computed as well. The spectroscopic S-index is sensitive to active
regions on the stellar surface. The Ca ll H& K flux that is converted to the Mount
Wilson system according to Santos et al. (2000 )and corrected for the
photospheric flux is known as log(R(HK)) index.

In summary, HARPS provides three diagnostic measurements of stellar
variability: (a) the bisector span of the CCF, (b) the FWHM of the CCF, and
(c) the Ca Il S-index.

| f staro6s velocity is due to a planetar
should remain constant. On the other hand, RV variations caused by stellar
variability should correlate with changes in the spectral line shapes and/or Cal ll.

return



No planet for HD 166435

A&A 379, 279, 2001

D. Queloz, G. W. Henry, J. P. Sivan, S. L.

0.1

Baliunas, J. L. Beuzit, R. A. Donahue, M. R

Mayor, D. Naef, C. Perrier, and S. Udry
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Fig. 5. Right: the mean CCF function of HD 166435’s spectra
constructed with a template selecting only the weak and non-
saturated lines. This profile represents the mean spectral-line
profile of the lines selected by the template. Left: the bisector
of the CCF. Vj is an arbitrary offset. Note the definition of the
boundaries for the computation of (V; and V4).

3064 39686

3968 3870 3972

An emission feature is clearly visible in the core of the Cal ll

H line. For comparison, a solar integrated spectrum with the
same resolution has been superimposed (hatched line).

An emission feature is clearly visible in the core of the line.
Note: larger line broadening of HD 166435 compared to the

Sun.
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Fig. 6. Individual bisectors for two sets of spectra selected at
opposite phases of the radial-velocity cycle. a) Spectra mea-
sured at ¢ = 0.0 £ 0.1. b) Spectra measured at ¢ = 0.5+ 0.1.
The hatched line illustrates the mean bisector computed by
averaging all spectra.
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(Vi = Vy) of the CCF profile. The dotted line is the best linear
fit to the data.



No planet for HD 166435 D. Queloz, G. W. Henry, J. P. Sivan, S. L.
Baliunas, J. L. Beuzit, R. A. Donahue, M.

A&A 379, 279, 2001 Mayor, D. Naef, C. Perrier, and S. Udry
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Fig. 8. Left: simultaneous observations of (from the top) radial velocity, S index, delta y magnitude, and delta (b — y) color,
of HD 166435 over a time span of 30 days. A best-fit sine-curve with a period fixed at 3.798 days is shown. A vertical line is
drawn at an epoch of maximum radial velocity to help visualize the phase offsets between data sets. Right: same data but phase
folded with P = 3.798d and Ty = 2450 996.5.



Gliese 667C isolated M dwarf (M = 0.31 My)

component of triple star system D =22.11ly

History

1) 2011, Planet b Per=7.2d
Msini=5.9 Mg,
+ two other interesting periods at
90 & 28d (habitable zone orbit)

Bonfils et al., arXiv:1111.5019v?2

2) 2012, Anglada et al. & Delfosse et al.,

Confirm planet b & report
planet ¢ 28d, 4.3 Mgy, (HZ)

3) 2012, Gregory, P. C. arXiv: 1212.4058V2

nAddi ti onal
Periods = 7.2, 28, 31, 39, 53,91.5d

4) 2013, Anglada-Escuda et al. Ap.J. 751, L16

Keplt-eri an

Velocity (ms™)

15

10p

HARPS data

—300 0 500 1000

Julian day number (-2,454 504.8055)

-1000

Likely explanation of the slope is the
|tal m (?P 3900 yr) of star
about t% r?C‘?I\IJ-I the Gl 667ABC triple

system.

(HARPS, PFS, HIRES data)

AA dyn anpaackedlplanetary system around GJ 667C with 3 super-earths in

I ts habitabl e

Z0ne

0

Additional P =39, 62,92, 260d + tantalizing evidence fora ~ 1M withP=17d



Exoplanet RV analysis

Diagnostic data on stellar activity
RV data FWHM of CCF S index Bisectorspan Ha

. |MUItI-pI?;|net -Lomb-S_cargIe periodogram single sine
epler periodograms -Gengrallzed Lomb-SpargIe wave model
(floating offset and weights)
DAILY SUNSPOT AREA AVERAGED OVER INDIVIDUAL SOLAR ROTATIONS
90N SUNSPOT AREA IN EQUAL AREA LATITUDE STRIPS (% OF STRIP AREA) H>0.0% B>01% [(1>1.0%
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hitp://solarscience.msfc.nasa gov/ HATHAWAY/NASA/ARC 2014/08



Periodogram based on an apodized sine model

i tl) ] cos[2mft + O]

y=A exp!

Amplitude dropsto 0.606 A4 at (t; —71) & (t1 +11)



Exoplanet diagnostic analysis

Diagnostic data on stellar activity

RV data FWHM of CCF S index Bisectorspan Ha
Multi-planet -Lomb-Scargle periodogram | single sine
Kepler periodograms -Generalized Lomb-Scargle ["wave model

(floating offset and weights)

-Multiple sine wave models
-Apodized sine wave models
-Apodized chirp models
-Combination of chirp + sine models

Correlation analysis between RV & diagnhostics

Explore other
types of
periodograms

-Recent work by Paul Robertson et al. on Gliese 581 show seasonal
dependent correlations between RV and HU stellar activity. The artifact RV

component removed by linear regression eliminated planet d. (Science 2014,
arXiv 1407.1049R)

-l will show an example of this in Gliese 667C and demonstrate how a
hierarchical (multi-level) Bayesian analysis can effectively deconvolve the
effects of the measurement errors to better estimate the underlying
regression relation.
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FWHM and S-index diagnostics before and after removal of outliers
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Relative probabilities via Bayes factors of different
periodogram models fit to the FWHM of CCF diagnostic

KT number sine waves apodized apodized 1 chirped +1
of signals sine waves chirp signals | sine (oth
apodized)

3.8x 10 3.8x 10 3.8x 10 3.8x 10
1 5.9x 107 3.7 x10% 4.1 x10°
2 5.2 x 103 1.0 0.15 0.22
3 1.5 x 1072 0.1 0.05

Relative probabilities via Bayes factors of different
periodogram models fit to the S-index diagnostic

KT number sine waves apodized apodized
of signals sine waves chirp signals
0
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Two apodized sine
periodogram
of FWHM diagnostic
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3 apodized chirp periodogram of FWHM diagnostic
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One apodized sine
periodogram of
S-index diagnostic

1000} * L. v oL,
.: . . . . ® - - w ‘ ]
L R A LR R A b e e 1YLt
e I ¢ : . L .. ‘. ' -. .‘
=) « ** . LI .. . . ) oy 4y 5
100' ‘.‘”I‘.ll- .-. -.ah .0= ,.” L] ‘.fr. . *' # .. '% .‘.I "‘.’ ‘ 3
T [ » . o 8 ’ we * 3, ]
.9 [ | ) » ..i.- " l-- 1] - ’ [ ] .g [ ] s .. . . ||;
o o § ety * s S e, %acte ot . T e e s
o [ M g " emy = - -, . i: s ok e ) . . .',.
10F -:. th . .;' ' : a S s .-.- "... -
. ' '-. * ' . * -£ . . .'- ':. ’ .
: * L] » oo .. - .o:.- - - w2 .- a.‘ . . 3 '.l [ ..r'- by ... .
1 ': » ‘: ¢ :. L tt - ='. . " Ses® o . l. .o.' -‘O ¢ .' .. -l' =" o* L] '

0.2 0.3 0.4

lterations (x 10°)



























