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  Global	
  Helioseismology	
  

Many	
  discoveries	
  by	
  using	
  the	
  following	
  concept:	
  

•  Decomposing	
  normal	
  standing	
  modes	
  on	
  the	
  basis	
  of	
  spherical	
  harmonics	
  
	
  

•  Results	
  are	
  averages	
  over	
  the	
  en3re	
  Sun	
  
–  No	
  longitudinal	
  informa3on	
  
–  Symmetric	
  in	
  la3tude	
  across	
  the	
  equator	
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  Penetra3on	
  Depth	
  of	
  Modes	
  

Deep        Shallow 

Number of nodal lines = harmonic degree  
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Quasi-­‐Degenerate	
  	
  
Perturba3on	
  Theory	
  

Perturbing the equilibrium model with a slow flow (small perturbation) 

Mode Coupling: Perturbation matrix elements for calculation of new eigenvalues 

Eigenvalues of perturbation matrix are frequency corrections: 
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  Flow	
  Modelling	
  

v (r ) =
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P t
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t
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where components are expanded in terms of spherical harmonics 

Decomposition into a  
•  toroidal flow (includes differential rotation) and 
•  poloidal flow (includes meridional flow and giant cells) 
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Lifting of degeneracies 

! “Self-coupling” within     
 multiplets 

Differen3al	
  Rota3on:	
  	
  
Frequency	
  SpliPng	
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Differen3al	
  Rota3on:	
  	
  
Frequency	
  SpliPng	
  

Differential rotation (s odd, t=0) :   ωk(m)=ωk(m=0)+δω(m) 
 

  with   δω(m)=∑s=1,3,5,…cnl,sγnl,s(m) 

 

  where   cnl,s=s0
R ws(r) Knl,s(r) r2 dr 

  and  γnl,s orthogonal functions (Clebsch-Gordon coefficients) 

 

! Inversion problem for ws(r) 

Toroidal Flow: 
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  Inversion	
  of	
  Frequency	
  SpliPngs	
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Poloidal	
  Flows:	
  	
  
Addi3onal	
  Frequency	
  ShiRs	
  

Poloidal Flows:   

  

 

 

 s ≠ 0, t ≠ 0: giant cells 

 s ≠ 0, t = 0: meridional flow 
 

Frequency shifts: 

 δω(m)=∑s+l+l‘ even (cnn‘ll‘,s γnn‘,ll‘,s(m))2 

 

basis functions are squared Clebsch-Gordon coefficients ! Orthogonality? 

No global helioseismology inversions with the existing 
frequency analysis tools 
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Frequency	
  ShiRs	
  caused	
  by	
  	
  
Meridional	
  Flow	
  

•  Vmax=100	
  m/s	
  
•  s=8,	
  t=0	
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  Frequency	
  ShiRs	
  from	
  Giant	
  Cells	
  

•  Vmax=100	
  m/s	
  
•  s=8,	
  t=8	
  

Additional frequency shifts 

 
Giant cells & meridional circulation 
leave signature in global data   

 

 

Real effect is very small in comparison to 
rotational splitting. 
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Effect	
  of	
  Giant	
  Cells	
  on	
  	
  
Frequency	
  Inversions	
  for	
  Rota3on	
  

V= 0 m/s V= 10 m/s V= 30 m/s 

(Roth et al., 2002, A&A) 

Given limits for giant cell velocities in the Sun do not cause a problem. 
 What about stars? 

V= 60 m/s 
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Effect	
  of	
  Meridional	
  Flow	
  on	
  
Frequency	
  Inversions	
  for	
  Rota3on	
  

V= 0 m/s V= 10 m/s V= 100 m/s 

(Roth et al., 2002, A&A) 
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  Overall	
  Effect	
  of	
  Poloidal	
  Flows	
  

The	
  effect	
  of	
  large-­‐scale	
  poloidal	
  flows	
  on	
  	
  
solar	
  oscilla6ons	
  

	
  
Perturba3on	
  theory:	
  	
  

in	
  first	
  order	
  no	
  effect	
  on	
  the	
  frequencies,	
  	
  
only	
  in	
  higher	
  orders	
  

	
  
Resul3ng	
  average	
  effect:	
  

Frequencies	
  corrected	
  down	
  
S3x	
  &	
  Zhugzhda	
  1994:	
  	
  
in	
  the	
  order	
  to	
  explain	
  discrepancies	
  between	
  theore3cal	
  and	
  observed	
  frequencies	
  	
  
	
  
→giant	
  cells	
  &	
  meridional	
  flow	
  not	
  measurable	
  	
  
	
  	
  	
  	
  with	
  global	
  helioseismology?	
  
	
  

	
  
But:	
  first	
  order	
  perturba6ons	
  in	
  the	
  eigenfunc6ons	
  

Observed	
  oscilla3ons	
  are	
  no	
  pure	
  eigenstates	
  any	
  more	
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Perturbation theory applied to the oscillation equations of p modes:  
 

> coupling of modes in a “neighborhood” Kk of a target mode k=(n,l,m) 

 

 
 
 

 

> ckk‘‘ – coupling coefficient,  1. order approximation    
 

 
 

 

 

 

 

 

 

 

> Hk‘k – matrix element of mode coupling between mode k,k‘ ( ≈ coupling strength ): 
 

 

 

osc. amplitude unperturbed  
eigenfunction 

perturbed  
eigenfunction 

(Lavely & Ritzwoller 1992) 

advection of acoustic wave 

Global	
  Helioseismology	
  –	
  	
  
Perturba3on	
  Theory	
  

Schad, Timmer, Roth, 2011, Astrophys. J. 734, 97 



Cross-­‐Spectral	
  
Analysis	
  of	
  	
  

Global	
  Oscilla6on	
  
Time	
  Series	
  

radial component horizontal component 

Mass conservation: 

(Figure source: D. Hathaway, NASA) 

  s=1   s=2   s=3  s=4  

→ coupling matrix element 
 

complete set of orthogonal polynomials:  

 

 
 

→ knowing bs
n‘l‘nl one can infer the radial flow strength us(r)! 

b-coefficients:  

Global	
  Helioseismology	
  –	
  	
  
Perturba3on	
  Theory	
  

Schad, Timmer, Roth, 2011, Astrophys. J. 734, 97 
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SHT of Dopplergrams:  

 
 

 

 

 

Observable: amplitude ratio between target mode k=(n,l,m) and coupling modes k‘ in Kk: 

 

 

 

 

 

 

 

 

FT – frequency domain ,   Lk‘k‘‘   - leakage matrix 

target mode 

„ ratio between global oscillations in 
the frequency domain that 
corresponds to coupling modes“ 

mode 1                      mode 2 

Observable	
  Effect	
  on	
  	
  
Global	
  Oscilla3ons	
  

Schad, Timmer, Roth, 2011, Astrophys. J. 734, 97 
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Inversion	
  for	
  Rota3on	
  	
  
from	
  Frequency	
  SpliPngs	
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Inversion	
  for	
  Rota3on	
  	
  
from	
  Amplitude	
  Ra3os	
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Operation scheme:  
 

•  estimation of amplitude ratios ykk‘ for the multiplets >  cross-spectral analysis / gain     
•  estimation of b-coefficients bs

kk‘                >  least squares fitting routine 
•  inversion of radial flow strength us(r)      >  e.g. SOLA inversion method  
                                                                                      (as used for diff. rotation) 
•  reconstruction of the horizontal flow 
  strength vs(r) from us(r)                                                > e.g. polynomial fit 

Global	
  Inversion	
  Method	
  for	
  the	
  
Meridional	
  Flow	
  



Cross-­‐Spectral	
  
Analysis	
  of	
  	
  

Global	
  Oscilla6on	
  
Time	
  Series	
  

Applica3on	
  to	
  MDI	
  data	
  

MDI data: 2004 – 2010 
Harmonic degree:  
1 ≤ l ≤ 200 
 
Radial flow for different 
components 
 
Deepest depth depends 
on degree s  
(between 0.5 and 0.8 R) 
 
s=2 and s=8  
to be studied in detail 

(Schad et al., 2013, ApJL) 
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> inversions for 0.82 ≤ r/R ≤ 0.97 (depth 20.9 – 125.3 Mm) 
> u2 grows ≈ linear with depth 
> v2  ≈ constant with r 
> 1σ-error u2 :  0.6 – 12 m/s 
> 1σ-error v2 : 2.1 – 100 m/s 
 
> no return flow within 0.82 < r/R < 0.97 ! 

Radial flow strength U2                                             Horizontal flow strength V2 

(Schad et al., 2012, AN) 

Applica3on	
  to	
  MDI	
  Data	
  –	
  	
  
Results	
  for	
  s=2	
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Cross-section through radial & horizontal flow profile with latitude (s=2): 

→poleward directed horizontal flow 
 
  

Applica3on	
  to	
  MDI	
  Data	
  –	
  	
  
Results	
  for	
  s=2	
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Ring-diagram analysis                      Global inversion method  

(Komm et al., 2005, ApJ) 

Horizontal flow component of s=2 at 20.7 Mm depth: 

→max. horizontal flow near surface at θ=45°: V2 ≈ 28 ± 9 m/s 

Comparison	
  with	
  	
  
Ring	
  Diagram	
  Analysis	
  (for	
  s=2)	
  	
  

(Schad et al., 2013, ApJL) 
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→ inversions for 0.61 ≤ r/R ≤ 0.984 (depth 11 – 271 Mm) 
→ two flow cells in depth 

radial flow strength u8                                   horizontal flow strength v8 

Applica3on	
  to	
  MDI	
  Data	
  –	
  	
  
Results	
  for	
  s=8	
  

(Schad et al., 2013, ApJL) 
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Radial flow                                                                       Horizontal flow   

Ring-diagram analysis (0.6–16 Mm depth; 1 year average);  
Global method (13–271 Mm depth; 6 years average) 
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Comparison	
  with	
  	
  
Ring	
  Diagram	
  Analysis	
  (for	
  s=8)	
  	
  

Result of banded flow pattern? 



Cross-­‐Spectral	
  
Analysis	
  of	
  	
  

Global	
  Oscilla6on	
  
Time	
  Series	
  

northward	
  

southward	
  

Clear	
  evidence	
  for	
  mul6ple	
  cells	
  in	
  depth	
  and	
  la6tude	
  

outward	
  

inward	
  

Overall	
  Result:	
  

Global	
  Meridional	
  Flow	
  Measurements	
  

Inversion	
  result	
  including	
  all	
  significant	
  flow	
  components	
  	
  in	
  
a	
  depth	
  range	
  of	
  13	
  –	
  141	
  Mm	
  
 

(Schad et al., 2013, ApJL) 
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Harmonic degree l 
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Deep        Shallow 

Origin	
  for	
  Limita3ons	
  in	
  Deep	
  Probing	
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Ignoring	
  Leakage	
  

Knowledge about leakage matrix is crucial. 
Ignoring leakage results in plausible but systematically wrong results  
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  Conclusions	
  

•  Cross-­‐spectral	
  analysis	
  is	
  a	
  new	
  global	
  helioseismic	
  tool	
  
–  Possible	
  on	
  the	
  Sun	
  (not	
  necessarily	
  on	
  stars)	
  because	
  of	
  long	
  3me	
  

series	
  needed	
  
	
  

•  Measurements	
  of	
  flows	
  in	
  the	
  solar	
  interior:	
  
–  Rota3on	
  
–  Meridional	
  Flow	
  

•  Important	
  Input:	
  
–  Leakage	
  Matrices	
  -­‐>	
  to	
  be	
  part	
  of	
  the	
  peak-­‐bagging	
  tool?	
  

•  To	
  Do:	
  Studying	
  systema3c	
  effects	
  
–  Leakage	
  Matrices	
  
–  Center-­‐to-­‐limb	
  varia3on	
  of	
  MDI	
  line	
  (¯nl(z);	
  	
  eigenfunc3ons	
  needed)	
  


