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(e.g., Brown &Morrow 1987, Brown et al. 1989, Christensen-Dalsgaard & Schou
1988, Kosovichev 1988, Libbrecht 1988, Rhodes et al. 1990). The results indicate
that the variation on the solar surface extends through the convection zone, whereas
the radiative interior showed little variation in rotationwith latitude. A rotation pro-
file constant on cylinders in the convection zone could apparently be ruled out (e.g.,
Thompson 1990; see also Schou & Brown 1994). The transition between the lati-
tude variation in the convection zone and the almost uniform rotation in the radia-
tive interior was found to take place across a relatively thin region near the base of
the convection zone (Dziembowski, Goode & Libbrecht 1989, Goode et al. 1991).

3.1. Rotation of the Convection Zone

Analyses of the extensive data obtained during the past decade have largely con-
firmed these early results, although greatly refining the details. To discuss the
inferences within and just below the convection zone, we consider results ob-
tained by Schou et al. (1998), some of which were already shown in Figure 3 (see
also Thompson et al. 1996). Further details are shown in Figure 7, which includes
an inversion using the RLS technique, and in the inversion in Figure 3, which used
the SOLA method. The underlying dataset, obtained with the MDI instrument,
allows inference of rotation in most of the solar interior with good resolution and
modest errors; however, as indicated by the blank area in Figure 3, there are regions

Figure 7 Inferred rotation rate �/2⇡ as a function of fractional radius r/R at the
latitudes indicated. The results in the outer part of the Sun, for r � 0.5 R, were obtained
from inversion of 144 days of MDI data (Schou et al. 1998), whereas the results for
r  0.45 R were obtained from a combination of LOWL and BiSON data (Chaplin
et al. 1999). The dashed lines, with 1-� error bands, show the results of an RLS
inversion. The symbols were obtained with a SOLA inversion; the vertical bars show
1-� errors, whereas the horizontal bars provide an indication of the resolution of the
inversion, as determined by the widths of the averaging kernels. Note that the result
becomes much more uncertain in the deep interior, where, furthermore, the different
latitudes cannot be separated.
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•  Cyclic dynamo in a global implicit large-eddy anelastic MHD simulation of the solar 
convective envelope with EULAG-MHD code (Ghizaru et al 2010, Racine et al. 2011)

•  Include a stable overshoot layer at the bottom of CZ
•  Solar-like differential rotation in the CZ 
•  A strong and cyclic large-scale mean field component 

undergoing regular polarity reversals at a period of 30 
years

•  Convection maintained by an entropy gradient imposed by 
a Newtonian cooling term in the entropy equation.

€ 

Estimated Co = 2Ω /(urms2π /Δr) ~ 6



Cyclic Convective Dynamo 3

Figure 2. Convective patterns and differential rotation. (a) Snapshot of the horizontal convective patterns arising in the radial velocity vr at 0.95R⊙ shown in
Mollweide projection, at the time corresponding to the vertical dashed line in (c). This reveals the larger-scale convection at low latitudes and the smaller-scales
at higher latitudes, with downflows dark and upflows in lighter tones. (b) Time and azimuthally-averaged angular velocity ⟨⟨Ω⟩⟩ (double brackets indicating dual
averages), showing a fast equator in red and slower high-latitudes in blue. (c) A time-latitude diagram of azimuthally-averaged ⟨∆Ω⟩ = ⟨Ω⟩−⟨⟨Ω⟩⟩ in cylindrical
projection, elucidating the propagation of equatorial and polar branches of a torsional oscillation arising from strong Lorentz-force feedback. The color indicates
enhanced differential rotation in red and periods of slower rotation in blue, with variations of up to ±10% of the bulk rotation rate.

Pr and Pm dynamo. Thus an attempt is made to better mimic
the low Prandtl number solar setting, while keeping the eddy-
diffusive approximation for entropy mixing and treating the
reconnection of small-scale magnetic field as diffusive. This
effort minimizes the effects of viscosity, and so extends the
inertial range as far as possible for a given resolution. Thus
SLD permits more scales to be captured before entering the
dissipation range, allowing more scale separation between the
larger magnetic and and smaller kinetic scales participating
in the low Pm dynamo (Ponty et al. 2005; Schekochihin et al.
2007; Brandenburg 2009). Subsequently, the kinetic helic-
ity is also greater at small scales than otherwise would be
achieved, which has been shown to have a large influence
on the dynamo efficiency (Malyshkin & Boldyrev 2010). In-
deed, with this newly implemented diffusion minimization
scheme, we have happened upon a solution that possesses four
fundamental features of the solar dynamo: a regular magnetic
energy cycle period, and an orderly magnetic polarity cycle
of τC = 6.2 years, equatorward propagation of magnetic fea-
tures, and poleward migration of oppositely signed flux. Fur-
thermore this equilibrium is punctuated by an interval of rel-
ative quiescence, after which the cycle is recovered. In keep-
ing with the ASH nomenclature for cases as in (Brown et al.
2010, 2011; Nelson et al. 2013a), this dynamo solution has
been called D3S.
Figure 1 illustrates the morphology of the toroidal fields in

space and time. The presence of large-scale and azimuthally-
connected structures is evident in Figures 1(a, d). Such
toroidal structures have been dubbed wreaths (Brown et al.
2010). In D3S, there are two counter-polarized, lower-latitude
wreaths that form near the point where the tangent cylinder
intersects a given spherical shell. This point is also where
the peak in the latitudinal gradient of the differential rota-
tion exists for much of a magnetic energy cycle. There are
also polar caps of magnetism of the opposite sense of those
at lower latitudes. These caps serve to moderate the polar
differential rotation, which would otherwise tend to accel-
erate and hence establish fast polar vortices. The average
structure of the wreaths and caps is apparent in Figure 1(b),
which is averaged over a single energy cycle or 3.1 years.
The wreaths appear rooted at the base of the convection zone,
whereas the caps have the bulk of their energy in the lower
convection zone above its base. This is somewhat deceptive

as the wreaths are initially generated higher in the convec-
tion zone, while the wreath generation mechanism (primarily
theΩ-effect) migrates equatorward and toward the base of the
convection zone over the course of the cycle. The wreaths ob-
tain their greatest amplitude at the base of the convection zone
and thus appear seated there.
Figure 2(a) shows a typical convective pattern during a cy-

cle, with elongated and north-south aligned flows at low lat-
itudes and smaller scales at higher latitudes. In aggregate,
the spatial structure and flow directions along these cells pro-
duce strong Reynolds stresses acting to accelerate the equa-
tor and slow the poles. In concert with a thermal wind, such
stresses serve to rebuild and maintain the differential rotation
during each cycle. While the variable nature of the convec-
tive patterns over a cycle is not shown, it is an important piece
of the story. Indeed, the magnetic fields disrupt the align-
ment and correlations of these cells through Lorentz forces.
Particularly, as the field gathers strength during a cycle, the
strong azimuthally-connected toroidal fields tend to create a
thermal shadow that weakens the thermal driving of the equa-
torial cells. Thus their angular momentum transport is also
diminished, which explains why the differential rotation seen
in Figure 2(b) cannot be fully maintained during the cycle.
This is captured in the ebb and flow of the kinetic energy
contained in the fluctuating velocity field, which here vary
by about 50%. Such a mechanism is in keeping with the
impacts of strong toroidal fields in the convection zone sug-
gested by Parker (1987). Moreover, strong nonlinear Lorentz
force feedbacks have been seen in other convective dynamo
simulations as well (Brown et al. 2011), and they have been
theoretically realized for quite some time in mean-field the-
ory (e.g., Malkus & Proctor 1975).

4. CYCLE PERIODS
There are a large set of possible and often interlinked time

scales that could be relevant to the processes setting the pace
of the cyclical dynamo established in D3S. For instance, there
are resistive time scales that depend upon the length scale cho-
sen. One such time scale is the resistive decay of the poloidal
field at the upper boundary as it propagates from the tangent
cylinder to the equator, which would imply that the length
scale is ℓ = r2∆θ and so τη = ℓ2/η2 ≈ 6.7 years and is close
to the polarity cycle period, where the subscript two denotes

•  Regular magnetic cycles with equator-ward-propagating mean toroidal field in compressible MHD 
simulations of convective dynamo (Käpylä et al. 2012, 2014, 2016, Warnecke et al. 2014):

•  Regular magnetic cycles (6.2 years) with equator-ward-propagating mean toroidal field and grand minima 
in a rapidly rotating young sun (3 times solar rotation rate) from Anelastic MHD  global simulations 
(Augustson et al. 2015)

2 Augustson et al.

Figure 1. Nature of the toroidal magnetic field Bφ. (a) Snapshot of the horizontal structure of Bφ at 0.95R⊙ shown in Mollweide projection, at the time
corresponding to the vertical dashed line in (c). This illustrates the azimuthal connectivity of the magnetic wreaths, with the polarity of the field such that red
(blue) tones indicate positive (negative) toroidal field. (b) Azimuthally-averaged ⟨Bφ⟩ also time-averaged over a single energy cycle, depicting the structure of
the toroidal field in the meridional plane. (c) Time-latitude diagram of ⟨Bφ⟩ at 0.95R⊙ in cylindrical projection, exhibiting the equatorward migration of the
wreaths from the tangent cylinder and the poleward propagation of the higher latitude field. The color is as in (a). (d) A rendering of magnetic field lines in the
domain colored by the magnitude and sign of Bφ, with strong positively oriented field in red, and the strong oppositely directed field in blue.

ducting at the lower boundary and extrapolated as a potential
field at the upper boundary.
The authors have implemented a slope-limited diffusion

(SLD) mechanism into the reformulated ASH code, which is
similar to the schemes presented in Rempel et al. (2009) and
Fan et al. (2013). SLD acts locally to achieve a monotonic so-
lution by limiting the slope in each coordinate direction of a
piecewise linear reconstruction of the unfiltered solution. The
scheme minimizes the steepest gradient, while the rate of dif-
fusion is regulated by the local velocity. It is further reduced
through a function φ that depends on the eigth power of the
ratio of the cell-edge difference δiq and the cell-center differ-
ence ∆iq in a given direction i for the quantity q. This limits
the action of the diffusion to regions with large differences in
the reconstructed solutions at cell-edges. Since SLD is com-
puted in physical space, it incurs the cost of smaller time steps
due to the convergence of the grid at the poles. The result-
ing diffusion fields are projected back into spectral space and
added to the solution.
We simulate the solar convection zone, stretching from the

base of the convection zone at 0.72R⊙ to the upper bound-
ary of our simulation at 0.97R⊙. This approximation omits
the near-surface region and any regions below the convec-
tion zone. The SLD has been restricted to act only on the
velocity field in this simulation. This mimics a lower thermal
and magnetic Prandtl number (Pr, Pm) than otherwise attain-
able through an elliptic diffusion operator. The entropy and
magnetic fields remain under the influence of an anisotropic
eddy diffusion, with both a radially dependent entropy dif-
fusion κS and resistivity η. These two diffusion coefficients
are similar to those of case D3 from (Brown et al. 2010), with
κS,η ∝ ρ −1/2, with ρ the spherically symmetric density. The
stratification in this case has about twice the density contrast
across the domain, being 45 rather than 26, and has a resolu-
tion of Nr×Nθ×Nφ = 200× 256× 512.

3. CYCLICAL CONVECTIVE DYNAMO ACTION
Global-scale convective dynamo simulations in rotating

spherical shells have recently achieved the long-sought goal
of cyclical magnetic polarity reversals with a multi-decadal
period. Moreover, some of these simulations have illustrated
that large-scale dynamo action is possible within the bulk
of the convection zone, even in the absence of a tachocline.
Global-scale MHD simulations of a more rapidly rotating
Sun with the pseudo-spectral Anelastic Spherical Harmonic

(ASH) code have produced polarity reversing dynamo ac-
tion that possesses strong toroidal wreaths of magnetism that
propagate poleward as a cycle progresses (Brown et al. 2011).
These fields are seated deep within the convection, with the
bulk of the magnetic energy near the base of the convec-
tion zone. The perfectly conducting lower boundary condi-
tion used here and in those simulations requires the field to
be horizontal there, which tends to promote the formation of
longitudinal structure in the presence of a differential rotation.
A recent simulation with ASH employs a dynamic

Smagorinski diffusion scheme, wherefore they achieve a
greater level of turbulent complexity. Those simulations show
that the large-scale toroidal wreaths persist despite the greater
pummeling they endure from the more complex and vigorous
convection (Nelson et al. 2013a). Not only do the toroids of
field persevere, but portions of them can be so amplified that
the combination of upward advection and magnetic buoyancy
create loops of magnetic field (Nelson et al. 2013b). This
lends credence to the classical picture of a Babcock-Leighton
or Parker interface dynamo (Leighton 1969; Parker 1993),
with semi-buoyant flux structures that rise toward the solar
surface, leading to active regions and helicity ejection. There
is the caveat that the magnetic fields in the simulation are in-
stead built in the convection zone.
Implicit large-eddy simulations (ILES) have concurrently

paved the road toward more orderly long-term cycles in a set-
ting that mimics the solar interior. Indeed, simulations uti-
lizing the Eulerian-Lagrangian (EULAG) code produce reg-
ular polarity cycles occurring roughly every 80 years in the
presence of a tachocline and with the bulk of the magnetic
field existing at higher latitudes (Ghizaru et al. 2010). This
simulation showed radial propagation of structures but little
latitudinal variation during a cycle. More recent simulations
of a Sun-like star rotating at 3Ω⊙ also produce low-latitude
poleward propagating solutions (Charbonneau 2013). Such
dynamo action is accomplished first through the reduction of
the enthalpy transport of the largest scales through a simple
sub-grid-scale (SGS) model that diminishes thermal pertur-
bations over a roughly 1.5 year time scale, which serves to
moderate the global Rossby number. The ILES formulation
of EULAG also maximizes the complexity of the flows and
magnetic fields for a given Eulerian grid resolution.
Inspired by these recent ASH and EULAG results, we have

attempted to splice the two together by incorporating SLD
into ASH with the express goal of achieving a low effective

Co = 2Ω / (urms2π /Δr) = 7.6

 Co = 2Ω / (urms2π /Δr) ~ 4.5

cycle 11) and the similar minimum of the last abnormal cycle
(near year 49, or cycle 16). The magnetic energy cycle is still
operating during that interval, with the polar field waxing and
waning but not fully reversing. However, the polarity cycles are
disrupted at lower latitudes and the magnetic energy there is
significantly reduced. This will be further explored in
Section 5.

3.1. Magnetic Energy Cycle in Detail

Figure 4 illustrates the morphology of the convection,
differential rotation, and the longitudinal magnetic fields in
space and time over the course of a polarity reversal. In
particular, Figures 4(b)–(f) show the convective patterns
represented in radial velocities that are prevalent during
different phases of the cycle (labeled as times t1–t5 in Figure4),
with elongated and north–south aligned flows at low latitudes
(banana cells) and apparently smaller scales at higher latitudes.
Such flows are typical in the rotationally constrained convec-
tion captured in global-scale large-eddy MHD simulations
(e.g., Miesch et al. 2000; Käpylä et al. 2011b; Augustson
et al. 2012, 2013; Guerrero et al. 2013). In aggregate, the
velocity field of those rotationally aligned convective cells
produces correlations in the velocity field that yield strong
Reynolds stresses (RS) that act to accelerate the equator and
slow the poles. In concert with turbulent heat transport, such
stresses serve to rebuild and maintain the differential rotation
during each cycle. Indeed, when combined with the long-
itudinally averaged Lorentz force and Maxwell stresses, those
stresses induce the modulation in the angular velocity seen in
Figures 2(b) and 4(g)–(k). The values of the shear do not quite
reach zero, but are reduced by about 60% relative to their
maximum value at lower latitudes. The elements of angular

momentum transport that give rise to such modulation are
further discussed in Section 4.2.
The presence of large-scale and longitudinally connected

magnetic structures is evident in jB as shown in Figures 4(l)–
(p). Such toroidal structures have been dubbed wreaths (Brown
et al. 2010). In this simulation, there are two evolving counter-
polarized, lower-latitude wreaths that form in the region near
the tangent cylinder at nearly all depths, meaning that the
latitude of formation decreases with depth. This region is also
where the peak in the latitudinal gradient of the differential
rotation exists for much of a magnetic energy cycle
(Figures 2(b) and 4(g)–(k)). In the latter set of figures it is
clear that the radial shear is roughly proportional to qr sin at
low latitudes, for the differential rotation is largely cylindrical.
However, it tends decrease near the upper boundary. So for
figures showing radial cuts, a radius of :R0.92 was chosen to
emphasize the region of greatest shear as it corresponds to the
depth where Wd dr is largest.
There are also polar caps of magnetism that possess a

magnetic polarity that is reversed compared to that of the low-
latitude wreaths. These caps act to moderate the polar
differential rotation, which would otherwise tend to accelerate
and hence establish fast polar vortices. The average structure of
the wreaths and caps at each point in the cycle is apparent in

jB{ } exhibited in Figures 4(q)–(u), which is averaged over 20
days at each time ti. The wreaths appear rooted at the base of
the CZ, whereas the caps have the bulk of their energy in the
lower CZ above its base. As will be seen in Section 6.1, the
wreaths are initially generated higher in the CZ while the
wreath generation mechanism (primarily the Ω-effect) migrates
equatorward and toward the base of the CZ over the course of
the cycle. The equatorward migration takes place largely in the
upper CZ nearer the beginning of the cycle at times t1 and t2. At

Figure 3. Evolution of the mean (longitudinally averaged) radial á ñBr and toroidal á ñjB magnetic fields over an extended interval of the K3S simulation, with its regular
cycling interrupted by a grand minimum during the interval roughly between 33 and 49 years. (a) Time–latitude diagram of á ñBr at R0.92 ☉ in cylindrical projection,
elucidating the poleward propagation of mid- and high-latitude magnetic field and the equatorward propagation of lower-latitude field. (b) Time–latitude diagram of
á ñjB at R0.92 ☉ in cylindrical projection, exhibiting the equatorward migration of the wreaths from the tangent cylinder (horizontal dotted lines at o n43 ) and the
poleward propagation of the higher latitude field. The polarity of the fields is such that red (blue) tones indicate positive (negative) field. The interval containing the
grand minimum is marked by vertical dashed lines. Each magnetic energy cycle is labeled starting at unity.
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Three-Dimensional MHD Simulations of Emerging Active Region

Flux in a Turbulent Rotating Solar Convective Envelope: the

Numerical Model and Initial Results

Y. Fan, N. Featherstone, and F. Fang

High Altitude Observatory, National Center for Atmospheric Research1, 3080 Center Green

Drive, Boulder, CO 80301

ABSTRACT

We describe a 3D anelastic MHD code for modeling the subsonic dynamic

processes in the solar convective envelope. Using this code, we first simulate the
rotating solar convection in a spherical shell domain with radius r extending from

the bottom of the convection zone to 20 Mm below the photosphere, latitude from
−60◦ to 60◦, and longitude from 0◦ to 360◦.

1. Introduction

2. The Numerical Model

We solve the following anelastic MHD equation in a spherical shell domain:

∇ · (ρ0v) = 0, (1)

ρ0

[

∂v

∂t
+ (v ·∇)v

]

= 2ρ0v × Ω −∇p1 + ρ1g +
1

4π
(∇× B) × B + ∇ · D (2)

ρ0T0

[

∂s1

∂t
+ (v ·∇)(s0 + s1)

]

= ∇ · (Kρ0T0∇s1)− (D ·∇) ·v +
1

4π
η(∇×B)2 −∇ ·Frad (3)

∇ · B = 0 (4)

∂B

∂t
= ∇× (v × B) −∇× (η∇× B), (5)

ρ1

ρ0

=
p1

p0

−
T1

T0

, (6)

1The National Center for Atmospheric Research is sponsored by the National Science Foundation
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s1

cp
=

T1

T0

−
γ − 1

γ

p1

p0

, (7)

where s0(r), p0(r), ρ0(r), T0(r), and g = g0(r)r̂ denote the profiles of entropy, pressure,
density, temperature, and the gravitational acceleration of a time-independent, reference

state of hydrostatic equilibrium and nearly adiabatic stratification, cp is the specific heat

capacity at constant pressure, γ is the ratio of specific heats, and v, B, s1, p1, ρ1, and
T1 are the dependent variables of velocity, magnetic field, entropy, pressure, density, and

temperature to be solved that describe the changes from the reference state. In equation
(2), Ω denotes the solid body rotation rate of the Sun and is the rotation rate of the frame

of reference, where Ω = 2.7 × 10−6rad s−1, and D is the viscous stress tensor:

Dij = ρ0ν

[

Sij −
2

3
(∇ · v)δij

]

, (8)

where ν is the kinematic viscosity, δij is the unit tensor, and Sij is given by the following in

spherical polar coordinates:

Srr = 2
∂vr

∂r
(9)

Sθθ =
2

r

∂vθ

∂θ
+

2vr

r
(10)

Sφφ =
2

r sin θ

∂vφ

∂φ
+

2vr

r
+

2vθ

r sin θ
cos θ (11)

Srθ = Sθr =
1

r

∂vr

∂θ
+ r

∂

∂r

(vθ

r

)

(12)

Sθφ = Sφθ =
1

r sin θ

∂v2

∂φ
+

sin θ

r

∂

∂θ

( vφ

sin θ

)

(13)

Sφr = Srφ =
1

r sin θ

∂vr

∂φ
+ r

∂

∂r

(vφ

r

)

. (14)

Futhremore, K in equation (3) denotes the thermal diffusivity, and η in equations (5) and
(3) denotes the magnetic diffusivity. The last term in equation (3) is a heating source term

due to the radiative diffusive heat flux Frad in the solar interior, where

Frad =
16σsT0

3

3κρ0

∇T0, (15)

and σs is the Stephan-Boltzman constatn, κ is the Rosseland mean opacity.

Using equations (6) and (7) to express ρ1 in terms p1 and s1 in equation (2), and after

some manipulations using the ideal gas law and hydrostatic balance for the reference state,

•  Convective dynamo driven by solar radiative diffusive heat flux and with the solar 
rotation rate, computed with the Finite-difference Spherical Anelastic MHD (FSAM) 
code (Fan and Fang 2014, 2016): 

€ 

where D is the viscous stress tensor, and Frad  is the radiative diffusive heat flux :
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where s0(r), p0(r), ρ0(r), T0(r), and g = g0(r)r̂ denote the profiles of entropy, pressure,

density, temperature, and the gravitational acceleration of a time-independent, reference

state of hydrostatic equilibrium and nearly adiabatic stratification, cp is the specific heat

capacity at constant pressure, γ is the ratio of specific heats, and v, B, s1, p1, ρ1, and
T1 are the dependent variables of velocity, magnetic field, entropy, pressure, density, and

temperature to be solved that describe the changes from the reference state. In equation

(2), Ω denotes the solid body rotation rate of the Sun and is the rotation rate of the frame

of reference, where Ω = 2.7 × 10−6rad s−1, and D is the viscous stress tensor:

Dij = ρ0ν

[

Sij −
2

3
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]

, (8)

where ν is the kinematic viscosity, δij is the unit tensor, and Sij is given by the following in

spherical polar coordinates:

Srr = 2
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1

r
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Futhremore, K in equation (3) denotes the thermal diffusivity, and η in equations (5) and
(3) denotes the magnetic diffusivity. The last term in equation (3) is a heating source term

due to the radiative diffusive heat flux Frad in the solar interior, where

Frad =
16σsT0

3

3κρ0

∇T0, (15)

and σs is the Stephan-Boltzman constatn, κ is the Rosseland mean opacity.

Using equations (6) and (7) to express ρ1 in terms p1 and s1 in equation (2), and after

some manipulations using the ideal gas law and hydrostatic balance for the reference state,

• Simulation domain r ∈ 0.722Rs, 0.971Rs( ), θ ∈ π / 2−π / 3, π / 2+π / 3( ), φ ∈ 0,2π( )
• Grid: 96(r)×512(θ )× 768(φ), horizontal res. at top boundary 2.8 Mm to 5.5 Mm, vertical res. 1.8 Mm

• K = 3×1013  cm2s−1, ν =1012  cm2s−1,  η =1012 cm2s−1,  at top and decrease with depth as 1/ ρ  (Fan and Fang 2014)
• K  is the same as above but ν=0, η=0 (Fan and Fang 2016)



Convective dynamo driven by solar radiative diffusive heat flux with solar rotation rate: irregular 
cyclic mean field and solar-like differential rotation (Fan and Fang 2014) 

at r = 0.73 Rs 

Estimated Co = 2Ω / (urms2π /Δr) ~ 1.3
Our dynamo is in a much less rotationally 
constrained regime compared to Kapyla et al.
(2012),  Augustson et al. (2015).
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RS = ρ0r⊥ $ v r⊥ $ v φ MS = − 1
4π

r⊥ Br⊥Bφ
Ro = urms / (ΩHp ) = 0.74

Ro = urms / (ΩHp ) = 0.96

Ro = urms / (ΩHp ) = 0.71



Angular momentum flux density due to meridional circulation:
FMC = ρ0L vm ,  where L = r⊥

2Ω

If L ≈ L(r⊥ ), then the net angular momentum flux across
a constant r⊥  cylinder (e.g. Miesch 2005, Rempel 2005):

f (r⊥ ) = ρ0L(r⊥ )
s(r⊥ )
∫ vm dS ≈ L(r⊥ ) ρ0

s(r⊥ )
∫ vm dS = 0

•  Meridional circulation does not transport a net angular momentum 
flux across the cylinders, but only redistributes it along the cylinders 

•  A net angular momentum flux across the cylinders by the Reynolds 
stress cannot be balanced by meridional circulation à differential 
rotation 
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0.5 0.6 0.7 0.8 0.9
r� (Rs)

-0.3

-0.2

-0.1

-0.0

0.1

0.2

0.3

an
gu

la
r m

om
en

tu
m

 fl
ux

Reynolds Stress
Magnetic Stress
Meridional Circulation
Viscous Stress

m=0 modes excluded 

Solid lines: less diffusive dynamo 
Dashed lines: dynamo 
Dotted line: hydro 

Solid lines: less diffusive dynamo 
Dashed lines: dynamo 
Dotted line: hydro 

Solid lines: less diffusive dynamo 
Dashed lines: dynamo 

Less diffusive 
dynamo 

dynamo 

Wbuoyancy 0.782 Lsol 0.777 Lsol 

Wlorentz  0.330 Lsol 0.256 Lsol 

Compared to FF, we see that the magnetic energy Em (in
both the top and bottom panels) in the present case is
enhanced significantly in the small scales and remains
about the same in the large scales. The convective kinetic
energy on the other hand is reduced in the larger scales,
which are the ones more influenced by rotation and con-
tributing to the Reynolds stress transport of angular
momentum. These larger scale convective motions become
more rotationally constrained due to the reduction in their
amplitude and thus producing a greater outward flux of
angular momentum by the Reynolds stress. In the smaller
scales, the kinetic energy is increased compared to FF,
but the magnetic energy is also increased and becomes clo-
ser to equipartition with the kinetic energy compared to
FF. Thus the magnetic field becomes more dynamically
important in the present case than in FF.

We have computed the following energy conversion
rates, the buoyancy work W Buoyancy, which is the energy
source and driving of the convection, and the work done
against the Lorentz force W Lorentz, which measures the
energy conversion from the kinetic energy to the magnetic
energy:

W Buoyancy ¼
Z

V
q0g0vr

s1
cp
dV

! "
; ð24Þ

W Lorentz ¼ $
Z

V
v % 1

4p
r& Bð Þ & B

# $
dV

! "
; ð25Þ

where the integration is over the entire simulation volume
V, and ‘‘hi” denotes time average. The buoyancy work
W Buoyancy is found to be nearly identical for the two cases:
being 0:782' 0:0023Lsol for the present simulation and
0:777' 0:0024Lsol for FF, where Lsol is the solar luminos-
ity, with the difference being below the 3 sigma level. In
other words, the convection is driven (nearly) equally hard
in the two convective dynamo simulations. This is probably
because both are driven by the same solar radiative diffu-
sive heat flux and we have used the same thermal diffusiv-
ity. On the other hand, the work done against the Lorentz
force W Lorentz is 0:330' 0:0074Lsol for the present case and
0:256' 0:0067Lsol for FF, i.e. with more kinetic energy
converted to the magnetic energy in the present case. Thus,
as a result of the reduced viscosity and magnetic diffusion
in our present simulation, an increased portion of the
(same) buoyancy work is being converted to the magnetic
energy, and a decreased portion for work against viscous
dissipation. This is another way to see the effective role
of the magnetic fields as an enhanced viscosity in suppress-
ing convection.

Fig. 8 shows the temporal evolution of the differential
rotation contrast DX (peak difference in angular rotation
rate, top panels) and the corresponding temporal evolution
of the total and (10 times) the mean magnetic energies (bot-
tom panels), for the present convective dynamo (left col-
umn) in comparison to the case of FF (right column).
DX on average is slightly bigger, being 144:1' 0:2 nHz in
the present case, compared to 142:5' 0:3 nHz for FF.

DX shows a temporal variation with an RMS amplitude
of about 10 nHz for both cases, weakly anti-correlated with
the total magnetic energy Em as well as the mean magnetic
energy Em;m. The anti-correlation is weaker in the present
case (with a linear correlation coefficient r ¼ $0:21 with
Em and r ¼ $0:15 with Em;m) compared to FF (r ¼ $0:44
with Em and r ¼ $0:33 with Em;m). The magnetic field is
playing a complex dual role for the differential rotation.
On the one hand it suppresses convection to allow a greater
outward transport of the angular momentum by the Rey-
nolds stress to drive a solar-like differential rotation. On
the other hand it also damps the differential rotation by
balancing the Reynolds stress with the Maxwell stress
transport of angular momentum. Such complex dual role
may have resulted in a weak anti-correlation.

Fig. 9 shows the latitude-time diagram of the deviation
from the (time averaged) mean latitudinal differential rota-
tion, i.e. d!Xðt; hÞ ¼ !Xðt; hÞ $ h!XitðhÞ, where !Xðt; hÞ denotes
the depth averaged angular rotation rate as a function of
time and latitude, and h!XitðhÞ is the temporal average of
!Xðt; hÞ. Overlaid on the diagram is the (black) curve show-
ing the temporal variation of the mean magnetic energy
Em;m. The top panel shows the results for the present low
diffusivity case and the bottom panel shows the results
from the FF simulation. The main pattern we see is that
there is a tendency for negative d!X at the equator and pos-
itive d!X in the polar region for magnetic maxima, i.e. the
contrast of the (solar-like) latitudinal differential rotation
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Fig. 8. Top panels show the evolution of the differential rotation contrast
DX (peak difference in angular rotation rate) and the bottom panels show
the corresponding temporal evolution of the total magnetic energy Em

(black curve) and ten times the mean magnetic energy 10Em;m (red curve),
for the present low diffusivity case (left column) and for FF (right column).
(For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Y. Fan, F. Fang / Advances in Space Research xxx (2016) xxx–xxx 7

Please cite this article in press as: Fan, Y., Fang, F. Differential rotation in solar convective dynamo simulations. Adv. Space Res. (2016), http://
dx.doi.org/10.1016/j.asr.2015.12.039



•  High resolution convective dynamo simulations of the solar convective envelope using 
Reduced Speed of Sound Technique with MHD (Hotta, Rempel, and Yokoyama 2016) 

•  An efficient small-scale dynamo that suppresses 
small-scale convective flows, acting as a large 
viscosity.  As a result, the large scale mean-field 
is maintained even in the regime of large 
Reynolds numbers. 
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• Conform to Hale’s rule by 2.4 to 1 in area
• Statistically significant mean tilt angle: 7.5◦ ± 1.6◦ 
• Weak Joy’s law trend

•  Tilt angles of super-equipartition flux emergence areas at 0.957 Rs:



Strong emerging flux bundles sheared by giant cell convection 

•  Emerging flux bundles are not isolated flux tubes rising from the bottom of the CZ, but are continually 
formed in the bulk of the CZ through sheared amplification by the giant-cell convection 

•  The prograde flow in the giant cell shears the emerging flux bundle into a hairpin shape with the leading 
end pushed up against the down flow lane of the giant cell. 





•  Horizontal slices of B and V fields centered on the strong emerging flux region, extracted at the depth of 
30 Mm to be used for driving near surface layer flux emergence simulations 
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•  Near surface layer flux emergence simulations with MURaM driven at the lower boundary by the B and 
V fields extracted from the convective dynamo simulation (Chen, Rempel and Fan 2017) à Asymmetric 
formation of active regions with earlier formation and more coherent leading sunspots. 

Figure courtesy of Chen 



Summary
•  Simulations of convective dynamo in rotationally constrained regime have produced large-

scale mean field with regular magnetic cycles and equator-ward migration of the strong 
toroidal fields in the bulk of CZ.

•  Simulations of convective dynamo at the solar rotation rate and driven by the solar radiative 
heat flux:
o  produce a large-scale mean magnetic field that exhibits irregular cyclic behavior with 

polarity reversals.
o  The presence of the magnetic fields are necessary for the self-consistent maintenance of 

the solar-like differential rotation. In several ways it acts like an enhanced viscosity.
o  With further reduced magnetic diffusivity and viscosity, we find an enhanced magnetic 

energy, and a reduced kinetic energy in the large scales.  This results in a further 
enhanced outward transport (away from the rotation axis) of angular momentum by the 
Reynolds stress, balanced by an increased inward transport by the magnetic stress, with 
the transport by the viscous stress reduced to a negligible level

o  Produce emergence of coherent super-equipartition toroidal flux bundles with properties 
similar to solar active regions: following Hale’s rule by 2.4:1, a weak Joy’s law trend.

•  Near surface layer flux emergence simulations driven at the lower boundary by the emerging B 
and V fields from the convective dynamo:
o  The asymmetric emerging flux bundle with a strong down flow at its leading end can 

cause formation of active regions with earlier formation and more coherent, stronger 
leading sunspots.


