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Region of comparative overexpansion Region of comparative underexpansion

Unperturbed hypersurface

Surface of constant 
energy density

(3H2 = �)

a(t) � exp
� t

H(t�) dt� = expN(t) � a(t)e� � exp {N(t) + �N(t)}

(� > 0) (� < 0)

ds2 = �dt2 + a(t)2e2⇣dx2

The conclusion is that, to detect light modes, we should look
at departures from Gaussian statistics

But in which observable?
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Currently, what we can observe are the correlation functions
of ζ, because these seed the density fluctuation

h⇣(k1)⇣(k2)i = (2⇡)3�(k1 + k2)P (k)

h⇣(k1)⇣(k2)⇣(k3)i = (2⇡)3�(k1 + k2 + k3)B(k1, k2, k3)

h⇣(k1)⇣(k2)⇣(k3)⇣(k4)i = (2⇡)3�(k1 + k2 + k3 + k4)T (k1,k2,k3,k4)

Spectrum

Bispectrum

Trispectrum
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We have seen that the 2pf depends weakly on k and evolves in time.

The bispectrum and trispectrum are much more complicated
functions. They depend on time and the momentum configuration

3pf triangle 4pf quadrilateral

k1

k2

k3
k3

k2

k1

k4

k1 + k2 + k3 = 0 k1 + k2 + k3 + k4 = 0
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kt = perimeter = k1 + k2 + k3

In principle, these functions can be arbitrarily complicated
But usually they turn out to be fairly simple

k1 =
kt
4
(1 + ↵+ �)

0  �  1 � � 1  ↵  1� �

k2 =
kt
4
(1� ↵+ �) k3 =

kt
2
(1� �)

k3 → 0

k1 → 0

k2 → 0
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kt = perimeter = k1 + k2 + k3

In principle, these functions can be arbitrarily complicated
But usually they turn out to be fairly simple

k1 =
kt
4
(1 + ↵+ �)

0  �  1 � � 1  ↵  1� �

k2 =
kt
4
(1� ↵+ �) k3 =

kt
2
(1� �)

k1 ≈ k2 ≈ k3
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Where the bispectrum peaks is a signal of the microphysics 
underlying the fluctuations

k1

k2

k3

k1

k2

k3

k3

k1 k2

Equilateral. Indicates that the fluctuations have exotic
structure, such as nontrivial kinetic energy.
Favours stringy or supergravity scenarios.

k2 Squeezed. Indicates that the fluctuations have time
evolution. Since that is forbidden in single-field models,
this implies multiple light modes.

Folded. Indicates a near zero-energy “resonance”
between positive and negative energy modes.
Favours non-vacuum initial conditions.
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When the Planck data arrive next year, there will probably
be some talk about the “squeezed” and “collapsed” limits

of the n-pfs

3pf squeezed to a line 4pf squeezed to a triangle

one side becoming
very small

4pf collapsed to a line

no side becomes small,
but the diagonal does
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��↵(now) =
@�↵(now)

@�i(then)
��i(then) +

1

2

@2�↵(now)

@�i(then)@�j(then)
��i(then)��j(then) + · · ·

Why are these limits useful? Let’s go back to the
separate universe expansion

��↵(k) =
@�↵

@�i
��i(k) +

1

2

@2�↵

@�i@�j

Z
d3q

(2⇡)3
��i(k � q)��j(q) + · · ·

We are interested in k-space correlation functions.
Fourier transforming and using the index convention that

Greek = now, Latin = then,

(Full disclosure: no-one else uses this convention.
But it is helpful to shorten the notation)
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��↵(k) =
@�↵

@�i
��i(k) +

1

2

@2�↵

@�i@�j

Z
d3q

(2⇡)3
��i(k � q)��j(q) + · · ·

h��↵(k1)���(k2)���(k3)i ◆
1

2

@�↵

@�i

@��

@�j

@��

@�m@�n

Z
d3q

(2⇡)3
h��i(k1)��j(k2)��m(k3 � q)��n(q)i

Computing the three-point function, we find a contribution

(there are others, but this one wins)

+ permutations
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��↵(k) =
@�↵

@�i
��i(k) +

1

2

@2�↵

@�i@�j

Z
d3q

(2⇡)3
��i(k � q)��j(q) + · · ·

h��↵(k1)���(k2)���(k3)i ◆
1

2

@�↵

@�i

@��

@�j

@��

@�m@�n

Z
d3q

(2⇡)3
h��i(k1)��j(k2)��m(k3 � q)��n(q)i

Computing the three-point function, we find a contribution

(there are others, but this one wins)

+ permutations

Then we pair up all the fields using Wick’s theorem

h��↵(k1)���(k2)���(k3)i ◆ (2⇡)3�(k1 + k2 + k3)
@�↵

@�i

@��

@�j

@2��

@�i@�j

H2
⇤

2k31

H2
⇤

2k32

h��i(k1)��j(k2)i = (2⇡)3�(k1 + k2 + k3)
H2

⇤
2k3

�ij

+ permutations
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h��↵(k1)���(k2)���(k3)i ◆ (2⇡)3�(k1 + k2 + k3)
@�↵

@�i

@��

@�j

@2��

@�i@�j

H2
⇤

2k31

H2
⇤

2k32

+ permutations

It’s easy to see that this bispectrum peaks when one of the ki → 0
[In fact, this bispectrum is often called the “local shape”

because it comes from the local separate universe expansion.]

In this limit, the
bispectrum
is growing like
1/k3

But we made
this estimate
using massless
mode functions

Wednesday, 18 July 12



fNL and all that

When we have a bispectrum of this type, it is usually written as

h⇣(k1)⇣(k2)⇣(k3)i = (2⇡)3�(k1 + k2 + k3)

⇥ 6

5
fNL [P (k1)P (k2) + P (k1)P (k3) + P (k2)P (k2)]

1

k31k
3
2

1

k31k
3
3

1

k32k
3
3

In fact, people often use this definition of fNL even for
bispectra which are not local. This makes fNL a complex

function of the momenta, but it’s not very useful to the observers
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fNL and all that

When we have a bispectrum of this type, it is usually written as

h⇣(k1)⇣(k2)⇣(k3)i = (2⇡)3�(k1 + k2 + k3)

⇥ 6

5
fNL [P (k1)P (k2) + P (k1)P (k3) + P (k2)P (k2)]

1

k31k
3
2

1

k31k
3
3

1

k32k
3
3

Our only freedom is in the
amplitude, which is
conventionally parametrized
using fNL

In fact, people often use this definition of fNL even for
bispectra which are not local. This makes fNL a complex

function of the momenta, but it’s not very useful to the observers
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Planck may measure ΔfNL ≈ 5 (ish)

Currently, we have some bounds from WMAP and galaxy surveys

�10 < fNL < 74

�29 < fNL < 70

�5 < fNL < 59

WMAP7 (Komatsu et al. 2010)

SDSS (Slosar et al. 2008)

WMAP7+SDSS combined

Future CMB satellites and large-scale galaxy surveys like
DES or EUCLID might do even better

(maybe in a decade or so for the galaxies)
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Initially the trajectories keep close to each other

Eventually they disperse nonlinearly
away from the ridge

Ridge

Ridge

Start with a gaussian distribution

The gaussian distribution is preserved in the early phases

Eventually a few trajectories slide away down
the hillside, generating a heavy tail

Jacobi field Γαi

(García-Bellido & Wands)
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More generally, if there are some massive modes, the scaling of the
spikes in the squeezed limit can be different from 1/k3

We have the best chance of seeing
these effects if the masses are not
too large, near Hubble

h⇣(k1)⇣(k2)⇣(k3)i ⇠
1

k�3/2�⌫
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“Quasi-single field inflation” QSFI

mixes with curvature
perturbation and becomes

conserved
vertex comes from
a heavyish field

h⇣(k1)⇣(k2)⇣(k3)i ⇠
1

k�3/2�⌫

In some models, the presence of heavier fields can
manifest itself directly. This is very similar to using light particles

to track the decays of heavier particles at the LHC.
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E↵ects and Detectability of Quasi-Single Field Inflation

in the Large-Scale Structure and Cosmic Microwave Background

Emiliano Sefusatti⇤
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Quasi-single field inflation predicts a peculiar momentum dependence in the squeezed limit of the
primordial bispectrum which smoothly interpolates between the local and equilateral models. This
dependence is directly related to the mass of the isocurvatons in the theory which is determined
by the supersymmetry. Therefore, in the event of detection of a non-zero primordial bispectrum,
additional constraints on the parameter controlling the momentum-dependence in the squeezed limit
becomes an important question. We explore the e↵ects of these non-Gaussian initial conditions on
large-scale structure and the cosmic microwave background, with particular attention to the galaxy
power spectrum at large scales and scale-dependence corrections to galaxy bias. We determine the
simultaneous constraints on the two parameters describing the QSF bispectrum that we can expect
from upcoming large-scale structure and cosmic microwave background observations. We find that
for relatively large values of the non-Gaussian amplitude parameters, but still well within current
uncertainties, galaxy power spectrum measurements will be able to distinguish the QSF scenario
from the predictions of the local model. A CMB likelihood analysis, as well as Fisher matrix analysis,
shows that there is also a range of parameter values for which Planck data may be able distinguish
between QSF models and the related local and equilateral shapes. Given the di↵erent observational
weightings of the CMB and LSS results, degeneracies can be significantly reduced in a joint analysis.

Keywords: cosmology: inflation, theory - large-scale structure of the Universe, cosmic microwave background

I. INTRODUCTION

Quasi-single field (QSF) inflation models [1–3] are a natural consequence of inflation model-building in string theory
and supergravity. In addition to the inflaton field, these models have extra fields with masses of order the Hubble
parameter. Such masses are stabilized by the supersymmetry. A distinctive observational signature of these massive
fields is a one-parameter family of large non-Gaussianities whose squeezed limits interpolate between the local and
the equilateral shape. Therefore, by measuring the precise momentum-dependence of the squeezed configurations in
the non-Gaussianities, in principle, we are directly measuring the parameters of the theory naturally determined by
the fundamental principle of supersymmetry.

The possibility of detecting a non-Gaussian component in the initial conditions of Early Universe has been the
subject of considerable attention in recent years both from an observational perspective and theoretically through
inflation model-building [4–6]. Current constraints from measurements of the bispectrum of temperature fluctuations
in the cosmic microwave background (CMB) from the WMAP satellite [7] are still consistent with Gaussianity.
However, the Planck mission [8] will soon significantly improve the errors on non-Gaussian parameters, leading to
strong new constraints or what could be a major breakthrough in cosmology.

The e↵ects of non-Gaussian initial conditions on the large-scale matter and galaxy distributions have been the
subject of several studies for more than a decade (see [11] and [5] for recent reviews). The most direct of such
e↵ect consists in the additional contribution to the matter bispectrum due to the linearly evolved initial component.
Measurements of the galaxy bispectrum in upcoming, large-volume galaxy surveys are expected to improve even over
ideal CMB limits, for any non-Gaussian model [12, 13].

⇤Electronic address: esefusat@ictp.it
†Electronic address: jf334@damtp.cam.ac.uk
‡Electronic address: X.Chen@damtp.cam.ac.uk
§Electronic address: E.P.S.Shellard@damtp.cam.ac.uk
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FIG. 8: 1- and 2-� uncertainty contours corresponding to the determination the parameters f
NL

and ⌫ for three di↵erent choices
of the fiducial values: f

NL

= 50 (left column), 100 (central column) and 150 (right column) and ⌫ = 1.5 (top row), 1.0 (central
row) and 0.5 (bottom row). Continuous blue curves corresponds to the V1 geometry, dashed, red ones to the V2 one. Both
cases assume a limiting k

max

(z) such that k
max

(0) = 0.15hMpc�1. Caution should be taken when the elliptical contours are
large (see discussions in Sec.VB.)

and ⌫ of the 1-� uncertainty �⌫ can be very roughly described over the range 0.5  ⌫  1.5, for the V1 geometry, as

�⌫ ' 0.1

⌫3
100

f
NL

, (38)

with the V2 case corresponding to an uncertainty about a factor of two smaller. The important results is that we can
indeed expect to able to distinguish values of ⌫ ' 1 from the local limit ⌫ = 1.5 for su�ciently large values of f

NL

,
say f

NL

� 100, already with a survey corresponding to our V1 example. Even lower values of f
NL

would be su�cient
for a larger survey as V2. The improvements in the constraints in the V2 example with respect to V1 are mainly due
to the larger volume, although the larger values of the fiducial Gaussian bias and the higher redshift do play a non
negligible role.

These considerations are particularly evident in Fig. 8, where we show the 1- and 2-� uncertainty contours for f
NL

and ⌫ corresponding to the V1 (blue, continuous curves) and V2 (red, dashed curves) examples, assuming the set of
fiducial values given by f

NL

= 50, 100 and 150 and ⌫ = 1.5, 1.0 and 0.5. Notice that we choose to keep the same
range over the variable ⌫ for the case of fiducial ⌫ = 1.5 as for the other values considered. While such choice makes
it hard to distinguish the di↵erent curves for large fiducial value of f

NL

and ⌫, it allows, on the other hand, an easier
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FIG. 9: Same as Fig. 8 but for a limiting k
max

(z) such that k
max

(0) = 0.075hMpc�1

comparison of the results as the fiducial ⌫ is varied. The complete results of the Fisher analysis are given, in any
event, in Table I.

The degeneracy between f
NL

and ⌫ can be easily understood for values of ⌫ close to the local limit ⌫ = 1.5. In
this case, in fact, since the dominant e↵ect is given by the scale-dependent correction �b

sd

and a lower value of
⌫ can be compensated by an higher f

NL

. When ⌫ is close to one, the degeneracy is reduced since the large-scale
scale-dependent corrections are balanced by almost scale-independent corrections at small scales. Notice that the
bias corrections shown in Fig. 7 are evaluated at z = 1, an at this redshfit the relevant range of scale is given by
0.003hMpc�1 < k < 0.28hMpc�1. At lower values of ⌫ the error �⌫ increases significantly, as the scale-dependent
corrections are now very mild and there is a large degeneracy between all the parameters in each redshift bin. The
combination of di↵erent bins still allows for a relatively low uncertainty on f

NL

.
Fig. 9 show the same results as Fig. 8 but for a limiting k

max

(z) such that k
max

(0) = 0.075hMpc�1. We notice,
in the first place, a significant worsening of the determination of f

NL

already at ⌫ = 1. This is due to the lower
control over the form of the power spectrum: the constrains are now mostly based on its amplitude at large-scales.
Remarkably the overall increase in the uncertainty on ⌫ is only of about a factor of two for all considered fiducial
values. The di↵erent choice of the range of scales assumed for the analysis results as well in a di↵erent degeneracy
between f

NL

and ⌫. This is evident for instance for the fiducial values f
NL

= 100 and ⌫ = 1. In the conservative
case of k

max

= 0.075hMpc�1 at z = 0, in fact lower values of ⌫ are degenerate with higher values of f
NL

as expected
from the scale-dependence alone. Including smaller scales the degeneracy is greatly reduced and turns slightly in the

optimistic

not so much
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FIG. 8: 1- and 2-� uncertainty contours corresponding to the determination the parameters f
NL

and ⌫ for three di↵erent choices
of the fiducial values: f

NL

= 50 (left column), 100 (central column) and 150 (right column) and ⌫ = 1.5 (top row), 1.0 (central
row) and 0.5 (bottom row). Continuous blue curves corresponds to the V1 geometry, dashed, red ones to the V2 one. Both
cases assume a limiting k

max

(z) such that k
max

(0) = 0.15hMpc�1. Caution should be taken when the elliptical contours are
large (see discussions in Sec.VB.)

and ⌫ of the 1-� uncertainty �⌫ can be very roughly described over the range 0.5  ⌫  1.5, for the V1 geometry, as

�⌫ ' 0.1

⌫3
100

f
NL

, (38)

with the V2 case corresponding to an uncertainty about a factor of two smaller. The important results is that we can
indeed expect to able to distinguish values of ⌫ ' 1 from the local limit ⌫ = 1.5 for su�ciently large values of f

NL

,
say f

NL

� 100, already with a survey corresponding to our V1 example. Even lower values of f
NL

would be su�cient
for a larger survey as V2. The improvements in the constraints in the V2 example with respect to V1 are mainly due
to the larger volume, although the larger values of the fiducial Gaussian bias and the higher redshift do play a non
negligible role.

These considerations are particularly evident in Fig. 8, where we show the 1- and 2-� uncertainty contours for f
NL

and ⌫ corresponding to the V1 (blue, continuous curves) and V2 (red, dashed curves) examples, assuming the set of
fiducial values given by f

NL

= 50, 100 and 150 and ⌫ = 1.5, 1.0 and 0.5. Notice that we choose to keep the same
range over the variable ⌫ for the case of fiducial ⌫ = 1.5 as for the other values considered. While such choice makes
it hard to distinguish the di↵erent curves for large fiducial value of f

NL

and ⌫, it allows, on the other hand, an easier
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FIG. 9: Same as Fig. 8 but for a limiting k
max

(z) such that k
max

(0) = 0.075hMpc�1

comparison of the results as the fiducial ⌫ is varied. The complete results of the Fisher analysis are given, in any
event, in Table I.

The degeneracy between f
NL

and ⌫ can be easily understood for values of ⌫ close to the local limit ⌫ = 1.5. In
this case, in fact, since the dominant e↵ect is given by the scale-dependent correction �b

sd

and a lower value of
⌫ can be compensated by an higher f

NL

. When ⌫ is close to one, the degeneracy is reduced since the large-scale
scale-dependent corrections are balanced by almost scale-independent corrections at small scales. Notice that the
bias corrections shown in Fig. 7 are evaluated at z = 1, an at this redshfit the relevant range of scale is given by
0.003hMpc�1 < k < 0.28hMpc�1. At lower values of ⌫ the error �⌫ increases significantly, as the scale-dependent
corrections are now very mild and there is a large degeneracy between all the parameters in each redshift bin. The
combination of di↵erent bins still allows for a relatively low uncertainty on f

NL

.
Fig. 9 show the same results as Fig. 8 but for a limiting k

max

(z) such that k
max

(0) = 0.075hMpc�1. We notice,
in the first place, a significant worsening of the determination of f

NL

already at ⌫ = 1. This is due to the lower
control over the form of the power spectrum: the constrains are now mostly based on its amplitude at large-scales.
Remarkably the overall increase in the uncertainty on ⌫ is only of about a factor of two for all considered fiducial
values. The di↵erent choice of the range of scales assumed for the analysis results as well in a di↵erent degeneracy
between f

NL

and ⌫. This is evident for instance for the fiducial values f
NL

= 100 and ⌫ = 1. In the conservative
case of k

max

= 0.075hMpc�1 at z = 0, in fact lower values of ⌫ are degenerate with higher values of f
NL

as expected
from the scale-dependence alone. Including smaller scales the degeneracy is greatly reduced and turns slightly in the

optimistic
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kt = perimeter = k1 + k2 + k3

Sometimes there are even more delicate effects.
Some fashionable models (“Galileons”) can produce other shapes

k1 =
kt
4
(1 + ↵+ �)

0  �  1 � � 1  ↵  1� �

k2 =
kt
4
(1� ↵+ �) k3 =

kt
2
(1� �)
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Summary

★ A signal in the “squeezed” peaks of the bispectrum is strong evidence 
for time evolution, and therefore multiple light modes.
The normalization depends on the detailed infrared dynamics.

★ The steepness of these peaks is a diagnostic for heavier modes,
with masses around the Hubble scale.
[For heavier masses we have to try the search in other ways, by
looking for oscillations around the inflationary trajectory.]

★ The same is true for the “squeezed” and “collapsed” limits of
the trispectrum. If we can measure the trispectrum well enough, we 
can cross-check.
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